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Abstract

We study infinite series expansions for the Riemann xi function Z(¢) in three specific families of orthogonal
polynomials: (1) the Hermite polynomials; (2) the symmetric Meixner-Pollaczek polynomials P 4)(1'; w/2);
and (3) the continuous Hahn polynomials p, (x; %, %, %, %) The first expansion was discussed in earlier work
by Turan, and the other two expansions are new. For each of the three expansions, we derive formulas for
the coeflicients, show that they appear with alternating signs, derive formulas for their asymptotic behavior,
and derive additional interesting properties and relationships. We also apply some of the same techniques
to prove a new asymptotic formula for the Taylor coeflicients of the Riemann xi function.

Our results continue and expand the program of research initiated in the 1950s by Turdn, who proposed
using the Hermite expansion of the Riemann xi function as a tool to gain insight into the location of the
Riemann zeta zeros. We also uncover a connection between Turan’s ideas and the separate program of
research involving the so-called De Bruijn—-Newman constant. Most significantly, the phenomena associated
with the new expansions in the Meixner-Pollaczek and continuous Hahn polynomial families suggest that
those expansions may be even more natural tools than the Hermite expansion for approaching the Riemann
hypothesis and related questions.

2010 Mathematics Subject Classification. Primary 11M06, 33C45.

Key words and phrases. Riemann xi function, Riemann zeta function, Riemann hypothesis, orthogonal polynomials, De
Bruijn-Newman constant, asymptotic analysis.
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CHAPTER 1

Introduction

1.1. Background

This paper concerns the study of certain infinite series expansions for the Riemann xi function £(s).
Recall that £(s) is defined in terms of Riemann’s zeta function ((s) by

1
(1.1) §(s) = (s = /T (g) C(s)  (seC).
&(s) is an entire function and satisfies the functional equation

(1.2) §(1—s) =&(s)-

It is convenient and customary to perform a change of variables, denoting
= 1
(1.3) 2(t)=¢ (2 + zt) (t € C),

a function that (in keeping with convention) will also be referred to as the Riemann xi function. The
functional equation then becomes the statement that Z(¢) is an even function. The xi function has
been a key tool in the study of the complex-analytic properties of {(s) and, crucially, the Riemann Hypothesis
(RH). Two additional standard properties of Z(t) are that it takes real values on the real line, and that RH
can be stated as the claim that all the zeros of Z(t) are real. [85]

1.1.1. Some well-known representations of the Riemann xi function. Much research on the
zeta function has been based on studying various series and integral representations of ((s), £(s) and Z(¢),
in the hope that this might provide information about the location of their zeros. For example, it is natural
to investigate the sequence of coefficients in the Taylor expansion

(1.4) £(s) = S:Oagn <s - ;>2n

Riemann himself derived in his seminal 1859 paper a formula for the coefficients as,, [27, p. 17], which in
our notation reads as

1 e _ n
(15) aon — 22”_1(271)'[ w(m)x 3/4(10g1})2 d:C,

(where w(z) is defined below in (L.7)), and which plays a small role in the theory. The study of the numbers
as, remains an active area of research [19), 22}, [32] 73, [74), [75]—we will also prove a result of our own
about them in Section but, disappointingly, the Taylor expansion has not provided much insight
into the location of the zeros of ((s).

Another important way to represent £(s), also considered by Riemann, is as a Mellin transform, or—
which is equivalent through a standard change of variables—as a Fourier transform. Specifically, define

1



2 1. INTRODUCTION
functions 6(x),w(zx), ®(z) by

(1.6) O(x) = Z I Z e~ (x> 0),
n=1

n=—oo

(1.7) w(x) = % (22%0" (z) + 320/ (2)) = i(2W2n4x2 — 3nix)e T (x> 0),

n

(1.8) B(x) = 26" %w(e®®) =2 Z (27r2n469“’/2 - 37m265””/2) exp (—mn’e®”) (x € R).

n=

—

Then it is well-known that 8(z),w(z), ®(x) are positive functions, satisfy the functional equations (all equiv-
alent to each other, as well as to (1.2]))

(1.9) 0(1) =vasw),  w(1)=vEsl).  B(-0)= a0,

and that £(s) has the Mellin transform representation

(1.10) &(s) = /000 w(z)z®/*t de,

and the Fourier transform representation
(1.11) 2(t) = / (x)e™™ da.

The right-hand side of (1.11)) is also frequently written in equivalent form as a cosine transform, that is,
replacing the €' term with cos(tx), which is valid since ®(x) is an even function. For additional background,
see [27, [85].

1.1.2. Pédlya’s attack on RH and its offshoots by De Bruijn, Newman and others. Pdlya in
the 1920s began an ambitious line of attack on RH in a series of papers [67 [68], [69] [70] (see also [85] Ch. X])
in which he investigated sufficient conditions for an entire function represented as the Fourier transform of
a positive even function to have all its zeros lie on the real line. Pdlya’s ideas have been quite influential
and found important applications in areas such as statistical physics (see [51, [65], [T1l pp. 424-426]). One
particular result that proved consequential is Pélya’s discovery that the factor e>‘””2, where A > 0 is constant,
is (to use a term apparently coined by De Bruijn [15]) a so-called universal factor. That is to say, Pdlya’s
theorem states that if an entire function G(z) is expressed as the Fourier transform of a function F(x) of a
real variable, and all the zeros of G(z) are real, then, under certain assumptions of rapid decay on F(z) (see
[15] for details), the zeros of the Fourier transform of F(ac)e/\g”2 are also all real. This discovery spurred much
follow-up work by De Bruijn [15], Newman [54] and others [23), 24, 25, 26, 44, [56], 57, [72, [76] [78, [83)]
on the subject of what came to be referred to as the De Bruijn-Newman constant; the rough idea is to
launch an attack on RH by generalizing the Fourier transform through the addition of the “universal
factor” e*®” inside the integral, and to study the set of real A’s for which the resulting entire function has
only real zeros. See Section where some additional details are discussed, and see [14], Ch. 5], [55] for
accessible overviews of the subject.

1.1.3. Turan’s approach. Next, we survey another attack on RH that is the closest one conceptually
to our current work, proposed by Pal Turdn. In a 1950 address to the Hungarian Academy of Sciences
[87] and follow-up papers [88] [89], Turdn took a novel look at the problem, starting by re-examining the
idea of looking at the Taylor expansion and then analyzing why it fails to lead to useful insights and
how one might try to improve on it. He argued that the coefficients in the Taylor expansion of an entire
function provide the wrong sort of information about the zeros of the function, being in general well-suited
for estimating the distance of the zeros from the origin, but poorly adapted for the purpose of telling whether
the zeros lie on the real line. As a heuristic explanation, he pointed out that the level curves of the power
functions z — 2™ are concentric circles, and argued that one must therefore look instead for series expansions
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of the Riemann xi function in functions whose level curves approximate straight lines running parallel to the
real axis. He then argued that the Hermite polynomials

Ho() = (—1)ner* 4 (e*f)

dxn

are such a family of functions, and proceeded to prove several results demonstrating his main thesis that the
coefficients in the Fourier series expansion of a function in Hermite polynomials can in many cases provide
useful information about the distance of the zeros of the function from the real line.

Turén also made the important observation that the expansion of Z(¢) in Hermite polynomials has a
rather nice structure, being expressible in the form

oo

(1.12) E(t) = > (=1)"banHan(t)

n=0

in which, he pointed out, the coefficients bs,, are given by the formuleﬂ

1 > 2n _z2
(113) b27l = 22”(2/”)'/ e 4 (b(llf) dl’,

— 00

and in particular are positive numbers.

Note that the Hermite polynomials have the symmetry H, (—z) = (—1)"H,(x), so, as with the case of
the Taylor expansion (1.4), the presence of only even-indexed coefficients in is a manifestation of the
functional equation and hence serves as another indication that the expansion is a somewhat
natural one to consider. (Of course, the same would be true for any other family of even functions; this is
obviously a weak criterion for naturalness.)

Turan focused most of his attention on Hermite expansions of polynomials rather than of entire functions
like Z(¢). His ideas on locating polynomial zeros using knowledge of the coefficients in their Hermite expan-
sions appear to have been quite influential, and have inspired many subsequent fruitful investigations into the
relationship between the expansion of a polynomial in Hermite polynomials and other orthogonal polynomial
families, and the location of the zeros of the polynomial. See the papers [9, 13|, 37, (38, 39, [40, 63, [79].

By contrast, Turan’s specific observation about the expansion of Z(t) does not seem to have led to
any meaningful follow-up work. We are not aware of any studies of the behavior of the coefficients bs,,, nor
of any attempts to determine whether the Hermite polynomials are the only—or even the most natural—
family of polynomials in which it is worthwhile to expand the Riemann xi function (but see Section for
discussion of some related literature).

1.2. Our new results: Turdn’s program revisited and extended; expansion of Z(¢) in new
orthogonal polynomial bases

This paper can be thought of as a natural continuation of the program of research initiated by Turan
in his 1950 address. One full chapter—Chapter [2}—is dedicated to the study of the Hermite expansion
, answering several questions that arise quite naturally from Turdn’s work and that have not yet been
addressed in the literature. For example, in Theorem we derive an asymptotic formula for the coefficients
by

It is however in later chapters that it will be revealed that Turan’s vision of understanding the Riemann xi
function by studying its expansion in Hermite polynomials was too narrow in its scope, since it turns out that
there is a wealth of new and interesting results related to the notion of expanding =Z(t) in different families
of orthogonal polynomials. Two very specific orthogonal polynomial families appear to suggest themselves
as being especially natural and possessing of excellent properties, and it is those that are conceptually the
main focus of this paper, being the subject of Chapters These families are the Meixner-Pollaczek

polynomials P (z; ¢) with the specific parameter values ¢ = /2, A\ = 3;

%; and the continuous Hahn

L Actually Turan’s formula in [89] appears to contain a small numerical error, differing from (L.13)) by a factor of 7.
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polynomials p,,(z;a, b, ¢, d) with the specific parameter valuesa =b=c=d = %. We denote these families
of polynomials by (f,)52 and (gn)22, respectively; they are given explicitly by the hypergeometric formulas

3/2), . 3 3
(1.14) fnlz) = ( {1') "o F1 <—n7 1 + iz 2;2) ,
(1.15) gn(x) =i"(n+1) 3F (—n,n—&-?,i—l—ix;g,;;l)

(where (3/2),, is a Pochhammer symbol), and form systems of polynomials that are orthogonal with respect
to the weight functions |F (% + z:c) |2 and |F (% + za:) ’4 on R, respectively.

As our analysis will show, the expansions of Z(¢) in the polynomial families (f,,)5%, and (g,)>2, have
forms that are pleasingly similar to the Hermite expansion 7 namely

(1.16) 0= Vet (3

n=0

(117 20 =3 (1) g (5

n=0

[1]

where, importantly, the coefficients ¢z, and ds,, again turn out to be positive numbers. Much more than this
can be said, and in Chapters [3}[f] we undertake a comprehensive analysis of the meaning of the expansions
7, the relationship between them, and the behavior of the coefficients ¢s,, and ds,. Among other
results, we will prove that the coefficients satisfy the two asymptotic formulas

(1.18) Con ~ 16V273/2 \/n exp (—4\/71'71) ,

128 x 21/371.2/367277/3

doy, ~ < 7 > n*/3 exp (73(47r)1/3n2/3)

as n — 00. See Theorems and for precise statements, including explicit rate of convergence estimates.
There are many other results. What follows is a brief summary of the main results proved in each

chapter.

e Chapter

— We prove a theorem (Theorem in Section on the existence of the Hermite expansion,
including the fact that the expansion converges throughout the complex plane and an effective
rate of convergence estimate.

— We prove an asymptotic formula for the coefficients by, (Theorem in Section .

— We prove a theorem (Theorem in Section that reveals a connection between Turdn’s
ideas on the Hermite expansion and the separate thread of research on the topic of the De
Bruijn-Newman constant described in the previous section. The idea is that the so-called
Pélya-De Bruijn flow—the one-parameter family of approximations to the Riemann xi function
obtained by introducing the factor e*” to the Fourier transform in (1.11))—shows up in a
natural way also when taking the Hermite expansion and using it to separately construct
a family of approximations inspired by the standard construction of Poisson kernels in the
theory of orthogonal polynomials.

(1.19)

e Chapter

— We develop the basic theory of the expansion of Z(t) in the polynomials f,, deriving for-
mulas for the coefficients, showing that they alternate in sign, and proving that the expansion
converges throughout the complex plane, including an effective rate of convergence estimate
(Theorem in Section [3.1)).

— We prove the asymptotic formula given in above for the coefficients ¢z, (Theorem
in Section .

— We study the Poisson flow associated with the f,,-expansion, by analogy with the results of
Chapter [2] and show that this flow is the Fourier transform of a family of functions with
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compact support; that it evolves according to an interesting dynamical law—a differential
difference equation; and that, in contrast to the Poisson flow associated with the Hermite
expansion, this flow does not preserve the reality of zeros of a polynomial in either direction
of the time parameter.

e Chapter
— We develop an alternative point of view that reinterprets the f,-expansion developed
in Chapter [3|as arising (through the action of the Mellin transform) from an expansion of the
elementary function

2

d? (r coth( 7')) T 1 LT cosh(7r)
& (L ) = -2 rr ,
dr? \4 2 sinh?(7r) 2 sinh®(7r)

in an orthogonal basis of eigenfunctions of the radial Fourier transform in R3, a family of

functions which can be defined in terms of the Laguerre polynomials Ly? ().

— We introduce and study the properties of several more special functions, including a function
D(t), defined as a certain integral transform of the function w(z), that is shown to be a
generating function for the coefficient sequence ¢,,, and will later play a key role in Chapter

e Chapter

— We develop the basic theory of the expansion of Z(t) in the polynomials g,, deriving formu-
las for the coefficients, showing that they alternate in sign, and proving that the expansion
converges throughout the complex plane, including an effective rate of convergence estimate.
(Theorem in Section [5.1)).

— We prove the asymptotic formula given in above for the coefficients da,, (Theorem
in Section [5.1]).

— We show in Sections that, analogously to the results of Chapter [ the g,-expansion
also affords a reinterpretation as arising, through the Mellin transform, from the expansion
of the function »(¢) introduced in Chapter [4]in yet another family of orthogonal polynomials,
the Chebyshev polynomials of the second kind.

e Chapter [6}
This chapter contains a few additional results that enhance and supplement the developments
in the earlier chapters.

— We apply the asymptotic analysis techniques we developed in Chapter [2]to prove an asymptotic
formula for the Taylor coeflicients ag,, of the Riemann xi function (Theorem in Section.

— We study the function @(z), a “centered” version of the function w(z) that is first introduced in
Section We show that &(z) relates to the expansion in several interesting ways, and
give an explicit description of its sequence of Taylor coefficient (Theorem in Section
in terms of a recently studied integer sequence.

e Appendix [A}
This appendix contains a summary of mostly known properties of several families of orthogonal
polynomials. In Section we prove two new summation identities relating the two polynomial
families (f,,)22, and (g,)22,.

1.3. Previous work involving the polynomials f,

Our work on the Hermite expansion of the Riemann xi function is, as mentioned above, a natural
continuation of Turan’s work, and also relates to the existing literature on the De Bruijn-Newman constant.
By contrast, our results on the expansion of the Riemann xi function in the polynomial families f,, and g,
in Chapters do not appear to follow up on any established line of research. It seems worth mentioning
however that the polynomials f, did in fact make an appearance in a few earlier works in contexts involving
the Riemann zeta and xi functions.



6 1. INTRODUCTION

The earliest such work we are aware of is the paper by Bump and Ng [17], which discusses polynomials
that are (up to a trivial reparametrization) the polynomials f, in connection with some Mellin transform
calculations related to the zeta function. The follow-up papers by Bump et al. [16] and Kurlberg [47] discuss
these polynomials further, in particular interpreting their property of having only real zeros in terms of a
phenomenon that the authors term the “local Riemann hypothesis.” The idea of using these polynomials as
a basis in which to expand the Riemann xi function (or any other function) does not appear in these papers,
but they seem nonetheless to be the first works that contain hints that the polynomials f,, may hold some
significance for analytic number theory.

In another paper [49] (see also [48]), Kuznetsov actually does consider an expansion in the polynomial
basis f,(t/2)—the same basis we use for our expansion of Z(¢)—of a modified version of the Riemann xi
function, namely the function e~™*/4Z(t), and finds formulas for the coefficients in the expansion in terms of
the Taylor coefficients of an elementary function. Kuznetsov’s result gives yet more clues as to the special
role played in the theory of the Riemann xi function by the polynomials f,. It is however unclear to us how
his results relate to ours.

Finally, in a related direction, Inoue, apparently motivated by the work of Kuznetsov, studies in a recent
preprint [36] the expansion of the completed zeta function 7=*/2T'(s/2)¢(s) in the polynomials f,,(t/2), and
proves convergence of the expansion in the critical strip.

1.4. How to read this paper

The main part of this paper consists of Chapters These chapters are arranged in two conceptually
distinct parts: Chapter which deals with the Hermite expansion of the Riemann xi function and its
connection to the De Bruijn-Newman constant, forms the first part; and Chapters which develop the
theory of the expansion of the Riemann xi function in the orthogonal polynomial families (f,)5%, and
(9n)22,, form the second. The second part is largely independent of the first, so it would be practical for
a reader to start reading directly from Chapter [3| and only refer back to Chapter [2] as needed on a few
occasions.

Following those chapters, we prove some additional results in Chapter [ and conclude in Chapter [7] with
some final remarks.

The work makes heavy use of known properties of several classical, and less classical, families of orthogo-
nal polynomials: the Chebyshev polynomials of the second kind, Hermite polynomials, Laguerre polynomials,
Meixner-Pollaczek polynomials, and continuous Hahn polynomials. Appendix [A] contains reference sections
summarizing the relevant properties of each of these families, and ends with a section in which we prove a
new pair of identities relating the polynomial families ()52, and (gn)5eo-

We assume the reader is familiar with the basic theory of orthogonal polynomials, as described, e.g., in
Chapters 2-3 of Szegd’s classical book [82] on the subject. We also assume familiarity with standard special
functions such as the Euler gamma function I'(s) and Gauss hypergeometric function 3 Fi (a, b; ¢; z) (see [2]),
and of course with basic results and facts about the Riemann zeta function [27]. For background on Mellin
transforms, of which we make extensive use, the reader is invited to refer to [568].

1.5. Acknowledgements

The author is grateful to Jim Pitman for many helpful comments and references, and for pointing out a
simpler approach to proving Proposition than the one used in an earlier version of this paper.



CHAPTER 2

The Hermite expansion of =(t)

The goal of this chapter is to expand on Turdn’s work in [87, [88], [89] on the series expansion of Z(t) in
Hermite polynomials. In Section we state a precise version of Turan’s claims about the existence of the
expansion, showing that it holds on the entire complex plane and giving a quantitative rate of convergence
estimate. This is proved in Section 2:3] In Section [2:4] we prove an asymptotic formula for the coefficients
ba,, appearing in the expansion. In Section [2.5] we show how the Hermite expansion leads naturally to a
one-parameter family of approximations to the Riemann xi function, which we will show is (up to a trivial
transformation) the same family studied in the works of De Bruijn, Newman and subsequent authors on
what came to be known as the De Bruijn-Newman constant.

2.1. The basic convergence result for the Hermite expansion

Following Turdn [89], we define numbers (b,,)52, by

(2.1) by = — / 2T B(z) du

2rn! J_ o

with ®(z) defined in (|1.8). Since ®(z) is even and positive, we see that ba,11 = 0 and bay, > 0 for all n > 0.
The following result is a more precise version of Turdn’s remarks in [87] about the expansion of Z(t) in
Hermite polynomials.

THEOREM 2.1 (Hermite expansion of E(t)). The Riemann xi function has the infinite series representa-

tion
(2.2) E(t) = i(—l)”bgann(t),
n=0

which converges uniformly on compacts for all t € C. More precisely, for any compact set K C C there exist
constants C1,Cy > 0 depending on K such that

N
(1) = 3 (=1)"bay Hop (t)| < Cre=C2Nlos N

n=0

(1]

(2.3)

holds for all N > 1 and t € K.

We note for the record the unsurprising fact that the coefficients by, can also be computed as Fourier
coefficients of =Z(t) associated with the orthonormal basis of Hermite polynomials in the function space
L2(R, e~ dt).

COROLLARY 2.2. An alternative expression for the coefficients boy, is

(2.4) Doy = \/7% [ : Z(t)e™" Hon(t) dt.

We give the easy proof of Corollary at the end of the next section following the proof of Theorem

7
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2.2. Preliminaries

Recall the easy fact that the series f defining w(x) and ®(z) are asymptotically dominated by
their first summands as x — oo, and that this remains true if the series are summed starting at m = 2.
This leads to the following standard estimates (with the second one also relying on ), which will be used
several times in this and the following chapters.

LEMMA 2.3. The functions w(zx) and ®(x) satisfy the asymptotic estimates

(2.5) w(z) =0 (z%e™ ™) as r — oo,
(2.6) w(x)=0 (x_5/26_”/”“') as © — 0+,
(2.7 w(z) — (27?2 — 3rz)e ™ = O (2% ™) as T — 00,
(2.8) ®(x) =0 | exp (9; - 7r62"”)> as r — 00,
and

(2.9) D(x) —2 (271'269”3/2 — 377651/2> exp (—7T€2m)

9
= (exp <2x — 47T62I>) as r — 00,

2.3. Proof of Theorem [2.1]

We start by deriving an easy (and far from sharp, but sufficient for our purposes) bound on the rate of
growth of H,(t) as a function of n.

LEMMA 2.4. The Hermite polynomials satisfy the bound

(2.10) |Hp(t)] < Cexp (inlog n)

for all m > 1, uniformly as t ranges over any compact set K C C, with C > 0 being a constant that depends
on K but not on n.

PROOF. Fix the compact set K, and denote M = 2max;cx |t|. Let Ny be a positive integer whose value
will be fixed shortly. Let C' > 0 be a constant for which (2.10) holds for all t € K and 1 < n < Ny. We
prove by induction that the inequality holds for all n > 1, using as the induction base the case n = Ny. For
the inductive step, let n > Ny and assume that we have proved all cases up to the nth case. Then for t € K
we can bound |H,,1(t)| using the recurrence relation for the Hermite polynomials, which, together
with the inductive hypothesis, gives that

[Hpp1 ()] < 2[t] - [Hn ()] + 20| Hy—1 (1))

< MCexp <inlogn) + 2Cnexp (i(n — 1) log(n — 1)>
3 3
= Cexp <4nlogn + log(M)) + Cexp (4(71 —1)log(n —1) + log(2n)> .

We see that it is easy to complete the induction by fixing Ny to be large enough as a function of M,
specifically setting, say, Ny = max(128, [(2M)%/3]). With this definition we then get (remembering the
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assumption n > Ng) that

|Hnt1(t)| < Cexp (i(n + 1) logn — log 2> + Cexp <i(n +1)log(n —1) —log 2)
< %cxp (2(n + 1) log(n + 1)) + %cxp (i(n +1)log(n + 1)>
= Cexp (i(n + 1) log(n + 1)) )
which finishes the proof. O

Define the Lambert W-function to be the unique increasing function W : [0, 00) — [0, 00) satisfying the
equation

W (ze®) = x.

In what follows, we will make use of the following asymptotic formula for W (x) for large x. The result
is a weaker version of eq. (4.19) in [21].

THEOREM 2.5 (Corless et al. [21]). The asymptotic behavior of W(x) as x — oo is given by

log1 log] 2
(2.11) W (x) :1ogxfloglog:c+w+0 808t .
log x log x

The Lambert W-function and its asymptotics will be quite important for our analysis. A hint of why
this is so can already be glimpsed in the proof of the following technical lemma.

LEMMA 2.6. For any number B > 1 there is a constant C > 0 such that

nloglogn n n(loglogn)?
———— —(logB+1 C
logn (log B + )logn + (logn)?

(2.12) / " exp (—Be®) dx < exp {n loglogn —
0

for alln > 3.

PROOF. Denote the integral on the left-hand side of (2.12)) by I,,. It is convenient to rewrite this integral
as

L= [ ew(()ds
0
where we denote
(2.13) n(z) = nlogx — Be®.

To obtain an effective bound on this integral, it is natural to seek the point where v, (z) is maximized.
Examining its derivative ¢, () = % — Be”, we see that is positive for 2 positive and close to 0, negative for
large values of x, and crosses zero when

n
——Be"=0 <= ze"=,
T B

an equation that has a unique solution, which we denote z,,, that is expressible in terms of the Lambert

W-function, namely as
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Thus z,, is the unique global maximum point of ¥, (x). By (2.11), the asymptotic behavior of z,, for large
n (with B fixed) is given by

_ n n loglog (%) log log
(2.14) xn = log (E) —loglog (E) + W +0 —_—=

B
2
= (logn —log B) — loglogn—loiB+O log B
logn logn
2
__logB log B
<1og10gn Tosn + 0 <(logn> )) o ((1oglogn>2>

+

logn — log B logn

log B logl log ?
=logn —loglogn —log B + o8 + o8 Ogn—i—O ogo8n (n — 00).
logn logn logn

Denote A, = ¢, (x,), and observe that we can use the defining relation x,e®" = % for x, to rewrite A, in
the form

B
(2.15) A, =nlogz, — Be® =nlog (zpe*") — nx, — — (zpe*")
x

n
n n 1
= nlog (—) —NT, —— =n <lognlogB:cn — > .
B n n
This form for A,, makes it straightforward to derive an asymptotic formula for A,: first, estimate the term
1/x,, separately as

(2.16) - !

Tn lognfloglognflogBJrO(M)

logn

1 log log B log 1 o log
_ _ loglogn _logB  , (loglogn _ Lo oglogn')
logn logn logn logn logn (logn)?
Then inserting (2.14) and (2.16) into (2.15) gives that

nloglogn n n(loglogn)?
Tog (log B+ 1) +0 ( e (n — 0).

logn
We can now use these estimates to bound the integral I,. First, split it into two parts, writing it as
1, = 17(11) + L(lz), where we denote

2logn o
1= [ ewtua@)ds, 12 = [ ewp(un(o)ds
0 2logn

Since ¢, (z) < A, for all = > 0, for the first integral we have the trivial bound
log1 log1l 2
(2.18) I,(LI) < 2logn - e = exp |nloglogn — ROg0EN _ (logB+1) n +0 n(loglogn) )
logn logn (logn)?

To bound the second integral, observe that ,,(x) is a concave function (since its second derivative is every-
where negative), so in particular it is bounded from above by its tangent line at x = 2log n; that is, we have
the inequality

(2.17) A, =nloglogn —

Un(w) < Gn(2logn) + ¥, (2logn)(z — 2logn) (= > 0).
The constants ¢, (2logn), ¥/, (2logn) in this inequality satisfy, for n large enough,

B 1
Yn(2logn) = nlog(2logn) — Bn? < —EnQ < —§n2,

—Bn?’< f§n2 < fan.

" (2logn) = —~
Yn(2logn) = 500 2 2
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This then implies that, again for large n, we have

(2.19) I < /00 exp (Yn(2logn) + ¢, (2logn)(xz — 2logn)) dx
2logn
= exp (vn2logn) [ exp (0] 2logn)e) de
0
1

- 3 22 _
- 71/)%(2 logn) exXp (¢H(2 log n)) < n2€ = O(l)

Combining the two bounds (2.18)) and (2.19) gives the claimed bound ([2.12)). O

We are ready to prove (2.3]). First, consider the following slightly informal calculation that essentially
explains how the expansion (2.2)) arises out of the definition (2.1)) of the coefficients b,,. Recalling the formula
(A.13) for the generating function for the Hermite polynomials, we have that

o0

(2.20) D (=1)"ban Han(t) = Y i"bpHp(t) = 27’;' /OO 2T ®(z) d - Hy (1)
n=0 n=0 n=0 tJ =00
:/oo (Z Qinn' " n(t)) e_Tzé(x)dm
—° \n=0

which is (2.2)). Note that at the heart of this calculation is the simple identity

o0

P
(2.21) et =e" Ty S Hn(2),
n=0
a trivial consequence of , which expands the Fourier transform integration kernel e®® as an infinite
series in the Hermite polynomials. Thus, to get the more precise statement , all that’s left to do is to
perform the same calculation a bit more carefully, using the results of Lemmas 2.4 and [2:6]to get more explicit
error bounds when summing this infinite series and integrating. Namely, using we can estimate the

left-hand side of (2.3) as

N 2N
(2.22) E()— > (—1)"banHan(t)| = [E(t) = Y i"bp Hpl(t)
n=0 n=0
> I
:/ O(x) [ e —e 4 ZQTan”(t) dx
- n=0
o L2 X g
:’/_wé(m)e Ty o Hn(t) do
n=2N+1
[ee] 1 Jo%) 2 B
< Z onp! </OO(I)(I)€ T || d:c) |Hn(t)]
n=2N+1
- i ! T o) Fa dn ) | Ho(t)]
2n=Ipl \ Jo
n=2N-+1
P N A T o) Fad
< Z g1, O exp | ynlogn ; (x)e” T a" dux,
n=2N+1

for all ¢ ranging over some fixed compact set K C C, and where in the last step we invoked Lemma [2.4] with
C' denoting the positive constant given by that lemma (depending on the compact set K).
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Now, since ®(z) = O (exp (73621’)) as x — oo by (2.8)), we can use Lemma with B = 3 to bound
the integral in the last sum, and therefore conclude that this sum in (2.22)) is bounded from above by

- 1 3 1 log1
C Z exp <nlogn) X — exp (nloglogn—nOgOgn—i—O( n ))
i 27n)! 4 2n logn logn

By Stirling’s formula this is O (exp (—%Nlog N)), which is the bound we need. The proof of Theorem 2.1
is complete. [

PRrROOF OF COROLLARY [2.21 The Hermite polynomials form an orthogonal basis of the Hilbert space
2
L?(R,e~"" dt). By Lemmawe also get an upper bound for the coefficients ba,, (which will be superseded
by a more precise asymptotic result in the next section, but is still useful), namely the statement that

by < 22”(02”)' exp (2n loglog(2n))

for some constant C' > 0 and all n > 3. Together with the fact that the squared L?-norm of H,(t) is v/72"n!
(see (A.10)), this implies that the infinite series on the right-hand side of converges in the sense of the
function space L?(R, et dt) to an element of this space. Since L?-convergence implies almost everywhere
convergence along a subsequence, the L2?-limit must be equal to the pointwise limit, that is, the function
E(t). Thus, the relation holds in the sense of L?, and it follows that the coefficients in the expansion
can be extracted in the standard way as inner products in the L2-space, which (again because of )
leads to the formula . |

2.4. An asymptotic formula for the coefficients by,

We now refine our analysis of the Hermite expansion by deriving an asymptotic formula for the coefficients
ban. These asymptotics are most simply expressed in terms of the Lambert W-function.

THEOREM 2.7 (Asymptotic formula for the coefficients by, ). The coefficients ba, satisfy the asymptotic
formula

loglogn ml/4 o \/*
2.23 by, = (140 :
( ) 2 < + ( IOg n ) ) 24n— 5 (277,)' 10g(2n)

X exp [Qn <log (2:) -W (?) - W(12:)> B ILGW (2:)2]

The appearance of the non-elementary, implicitly-defined function W (z) in the asymptotic formula
may make it somewhat difficult to use or gain intuition from, but with the help of the asymptotic formula
for the Lambert W-function, or its stronger version [21], eq. (4.19)] mentioned above, we can extract
the asymptotically dominant terms from inside the exponential to get an asymptotic formula involving
more familiar functions (unfortunately, at a cost of having a much larger error term—but this seems like
an unavoidable tradeoff that comes about as a result of the unusual asymptotic expansion of the Lambert
W-function). For example, as an immediate corollary we get the following more explicit, but weaker, result.

as n — o00.

COROLLARY 2.8 (Asymptotic formula for the logarithm of the coefficients bs,). We have the relation

™

2
(2.24) log ba,, = —2nlog(2n) + 2nloglog ( n) +0(n)

as n — Q.
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ProoF oF THEOREM 2.7l Define numbers Q,,, r, by

(2.25) Qn = /0 ?e” Ter <e2"’” — 27r> exp (—7r62””) dx,
e 22 sz > 3m2
2.96 n = 2n ,— % %5 4 2 _ 2 2x d
(2.26) T /0 e Te mZ_Z(me o exp( ™me ) T,
so that, by (1.8) and (2.1)), the relation
2
(2.27) H(Qn + 1)

bop = ——
2T 92n=3(2p)!

holds. We will analyze the asymptotic behavior of @,, and then show that the contribution of r, is asymp-
totically negligible relative to that of @Q,.

Part 1: analysis of @),, using Laplace’s method. Define a function

f(z) = e T ¥ (eh 3 > .

S or

Then @,, can be rewritten in the form

(2.28) -5 | " Fe) exp (Yon(2)) da,

where 12, (x) is defined in (2.13), with the specific parameter value B = w. This representation makes it
possible to use Laplace’s method to understand the asymptotic behavior of 2,, as n grows large. Proceeding
as in the proof of Lemma we recall our observation that the function 9, (x) has a unique global maximum

point at
(%)
Top =W | —|.
™

Now let quantities ay,, By, 7n be defined by

(229) Qp = 1/}271(1'271)7
(2.30) B =~ (22n),
(2.31) T = f(220/2).

Examining these quantities a bit more closely, note that a,, = As, in the notation used in the proof of
Lemma (again with the parameter B = 7), so that, as in (2.15]), we have

1
(2.32) oy =2n <log(2n) —logm — 29, — ) .
T2n
For 8,, we have that
2 2 2 1 2
(2.33) ﬁn:§+mmzn:g+”:(1+0( ))”7
x5, x5,  Ton logn Ton

and for 7, we can write

(2.34) = (1+0 (7)) Loz %)= (110(l8n 2\ 1z
. Vn = e exp | —{e%an t T | = - po— exp | —7c%an | -

With these preparations, Laplace’s method in its heuristic form predicts that the integral on the right-hand
side of (2.28) is given approximately for large n by the expression

—212)2Z(:E2n)f(x2n/2) €xXp (¢2n($n)) = Tgn’}/n exp(an)_

Our goal is to establish this rigorously, with a precise rate of convergence estimate; substituting the formulas
(2.32)—(2.34) into (2.35)) will then give the desired formula for @,.

(2.35)
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It will be convenient to split up the integral defining @,, into three parts and estimate each part separately.
Denote p,, = n*2/5 and denote by J, the interval [ Ton — Hn, %xzn + ,un]. Now let

§w2n —Hn
QY = / £(2) exp(tban (22)) de,
0
QY = | f(z)exp(von(22)) da,

In
QW = / F(2) exp(than (22)) de,
T@ontiin

so that Q,, = 221n (QS) + QS?) + Q%S)). Our estimates will rely on the following useful calculus observations
(the first two of which were already noted in the proof of Lemma .

(1) The function 1), (x) is increasing on (0, z2,) and decreasing on (2, 00).

(2) The function 9, (z) is concave.

(3) supgey,

Proof. ¢4 (2z) = 5% — me? so for z € J,,, using the fact that (by (2.14)) for n large enough we
have the relation J,, C [Z logn, 5 Llog n], we get that

g (2x)] = O(n) as n — 0.

n 43n
W/H( )‘ < 271‘3_’_71_621 < 210g3n +7T610gn ZO(TL).

(4) As a consequence of the last observation, the Taylor expansion of s, (2z) around = = 2, in the
interval J, has the form

2 3
(2.36) o (22) = = 26, (3 - %) +0 (n ‘x — ) (x € Jp),
where the constant implicit in the big-O term does not depend on n or z.
logn
(5) subsey, | 7l — 1| = 0 (1%4).
roof. Noting that x,, —+ oo as n — oo, so that f(z9, > se 16 a2 if n is large, we have
Proof. Noting th , 50 that f(w2,/2) > le~ "+9w'f'1g, h
that
2 19, 22 5,
(2.37) ’f(x) —1|— e T g
M - 2 22
f(@2n/2) e~ TR+ qran 3 o~ 45w

e~ T+ ITan _ %8 b T 2
us
2
3714 +%x—e T3+ Tan 3 674+% —e 3+ G z2n

< -

%6 20+ 9 30p 2m %6 20 4 930

2 6 5 x3
— 9 |~ +3e)— (= T+ f2n) 1’+2e Tan | (= +32)—(— =g+ x2w>—1’

Y[

Now observe that e=?2» = O(1) and that for « € J,, we have that

503 (i)

+Z$

9 ’ Ton
2

1 ‘ Ton
2

‘ Tan

logn
-0 (5)
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(with a uniform constant implicit in the big-O term), and similarly
2 2
T 5 x5, O B logn
(5e5) () =0 ().
so that (2.37) implies the claimed bound.

We are ready to evaluate the integrals 9), ,(12), ,(13), starting with the middle integral fo), which
is the one that is the most significant asymptotically. The standard idea is that the exponential term
exp(tan(2x)) can be approximated by a Gaussian centered around the point %xgn. This follows from the

Taylor expansion (2.36]). Indeed, making the change of variables u = v/f, (;U — %xgn) in the integral, we
have that

(2.38) QP :/J f(x) exp(han(22)) dz
- /un\/ﬂ f (xzn + “) ex (¢ (x n 2”)) du_
— i Bn 2 \/ﬂ? p 2n 2n \/57 \/57
1 tnV/Br 1 i )
VB /unm (1 o (25?)) f (%) oxXp [an ~2u®+0 (ngkﬂ du
logn 1 I unvBr P
- <1+O<n2/5)> <1+O <nl/5)) N %/_Mnme 2
(1+O<1>)1 eOén|: 7r0< 1 GXP(*Q 25 )>:|
nl/5 \/ﬂin% 5 T 128,
1 Nz .

where in the penultimate step we used the standard inequality

> 2 1 _.»
(2.39) / e /2 du < Zeft /2 (t > 0).
t

Next, to estimate QS), we use the fact that 19, (22) is increasing on the interval of integration, bounding
the integral by the length of the integration interval multiplied by an upper bound for f(z) and the value of
exp(tan (2x)) at the rightmost end of the interval. Note that f(z) is bounded from above by the numerical
constant

z? 22
KO = | sup e_T""%x + i sup e—T"r%I — 681/4 + 3625/4.
x>0 T >0 21

Thus, using (2.33), (2.34) and (2.36]), we get that

Ton K
(2.40) ngl) < Kp (% - ,un) X exp (Yan (Tan — 2,)) < 70$2n eXp (an - 2571#31 + O(n/ii))

= O(logn)e**O (exp (—nl/w)) (1 + 0 (7111/5)> =0 (65"1/10 \/\g%’ynea"> .

Next, to estimate Qf), note that, as in the proof of Lemma by the concavity of 1, (2x) the graph
of 19, (22) is bounded from above by the tangent line to the graph at x = *2= + j1,,. In other words, we have
the inequality

Yo (22) < oy, (Ton + 21n) + 205, (Ton + 24y) (x — z;" - un) (x > 0).

Moreover, it is useful to note that the derivative value 1}, (z2, + 2u,,) satisfies

Wh (Ton + 24n) = _ e T2hn 2n 7 62””27n < 2n (1- 62“”) < 74n/¢n7

Ton + 2,“71 ZTon + 2/”% Ton  Ton Ton
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so in particular ¢}, (2, + 2u,) < —1 if n is large enough. These observations imply that as n — oo, 513)

satisfies the bound

(241) QP < K /

1
ST2nt+MUn

o0

X
exp (¢zn (an + 24n) + 205, (Top + 2py) (x - ;" - un)) dx

< Ko/ exp (an — 28,12 + O(nui)) exp (— (gg _Tom Mn)) dr
%x2n+ﬂn 2

_ 1 an _1/10 > . _ _pl/10 \/>
=Ky (1—!—0( 1/5)>e O(exp( n )) | exp(—u) du=0 [e \/mvne .
Combining (2.38)), (2.40) and (2.41)), we have finally that

1 JT .
(2.42) Q. = (1 e (n /)) e
Using (2.32)—(2.34) we now get the asymptotic formula

7/4
1 1 2 1 1,
e = (0 () amer () o oo (s —tos == 0) - et

that holds as n — oc. In particular, for the purpose of comparing @, to r,, it is useful to note that
the exponential factors and e® are asymptotically the most significant ones in (2.42). More precisely,

27L
recalling (2.14)), (2.17)), (2.33) and ([2.34), we get that

1
(2.44) Qn = 2 OXP (at + O((logn)?))
1 2nloglog(2n) 2n n(loglogn)?
1 N 08 OBLen) _ 1)1 NUOE 08T
= on OXP [Qn log log(2n) — Tog(2n) (logm + )log(2n) +0 (log 1 2
as n — 00.

Part 2: estimating r,. We proceed with asymptotically bounding r,. Observe that, by (2.9), r,
satisfies

> n T C > n u
7| < 01/0 z*" exp (—3me*”) dx = 22"%/0 u?™ exp (—3me") du
for some constant C; > 0. We can therefore once again apply Lemma this time with the parameter
B = 37, to get that, for all n > 3 and some constant Cy > 0,
2nloglog(2 2 2n(loglog(2n))?
nloglog(2n) (log(3m) + 1) —2" , n(loglog( 7;))
log(2n) log(2n) (log(2n))

1
|70 < — exp l?n loglog(2n) —
Comparing this to (2.44)), we see that for large n the relation

1 2n
24 n| < —=1 n
(2.45) ral < exp (g 103) 20 ) @
holds. Thus 7, is indeed asymptotically negligible compared to Q.
Finishing the proof. Combining ([2.27)), (2.43) and (2.45]) we arrive finally at the desired formula for
bgn:

= gy (140 (o0 (s ) ) @

1 2 1 on \ /4 1 1,
= <1 +0 <logn>) 573 2)] X S2nt ] <7T932n) exp {Qn (log(Qn) —logm — x9p — 962’n> - 16%"} .

Since xa, = W (27") = (1 +0 (M)) log(2n), this gives (2.23]) and completes the proof of Theorem
L]
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2.5. The Poisson flow, Pélya-De Bruijn flow and the De Bruijn-Newman constant

One recurring theme in the study of the Riemann hypothesis is the idea that in order to understand the
zeros of the Riemann xi (or zeta) function, one might start by looking at suitable approximations to it that
have a simpler structure—for example, being polynomials instead of entire or meromorphic functions—and
trying to understand the location of the zeros of those approximations first. The hope is that there exists
some good approximation that would have the feature that the zeros of the approximating functions can be
understood, and, in an ideal scenario, shown to all lie on the real line (or on the critical line Re(s) = 1/2,
depending on the coordinate system used). In the setting of a discrete sequence of approximations, this
approach has been applied for example to the partial sums of the Taylor series of Z(¢) [42] and to the partial
sums of the Dirichlet series of {(s) [34], [8T], [86]. While those attacks can involve the use of some rather
ingenious and sophisticated tools, they have not resulted in any easily quantifiable progress on the original
question of RH.

Instead of looking at a discrete sequence of approximations, certain other contexts naturally suggest
instead a family of approximations indexed by a continuous parameter. We refer to such a family informally,
especially in the case when the family satisfies a partial differential equation or some other sort of dynamical
evolution law (all the approximation families we consider will be of this type) as a flow.

One very natural and well-studied example of such a flow is the family of functions

(oo}
(2.46) Ea(t) = / M B(x)e™ dr (A ER).

— o0
For A = 0, we have Zy = Z, so the family =) is a flow passing through the Riemann xi function at A = 0.
We refer to it as the Pélya-De Bruijn flow associated with the xi function; this term seems appropriate
in view of Pélya’s discovery of universal factors described in Section [I.I] and its extension by De Bruijn.
Specifically, Pdlya’s result described in the introduction to the effect that e*” is a universal factor implies
that the Pdlya-De Bruijn flow preserves hyperbolicity (the property of an entire function of having no non-
real zeros) in the positive direction of the “time” parameter \: that is, if =y is hyperbolic for some specific
value of A, then so is =, for any px > A, and in particular, if it could be shown that =y is hyperbolic for some
negative value A < 0, the Riemann hypothesis would follow. Moreover, showing that =, is hyperbolic for
positive values of A (which by the same logic ought to be both more likely to be true, and easier to prove if
true) may still be beneficial, since if for instance it could somehow be shown that ) were hyperbolic for all
A > 0, once again RH would follow by a straightforward approximation argument.

De Bruijn extended Pélya’s work in an important way when he showed that in fact =y is hyperbolic for
all A > 1/8. His result was later strengthened slightly by Ki, Kim and Lee [44], who showed that the same
would be true for A > 1/8—¢ for some (fixed, but non-explicit) € > 0. In the negative direction, Newman [54]
proved that =y is not hyperbolic if A is a negative number of sufficiently large magnitude, and conjectured
that the same statement holds true for all A < 0—this is usually formulated as the statement that the De
Bruijn-Newman constant, denoted by A and defined as four times the greatest lower bound of the set
of XN’s for which Zy is hyperbolicﬂ is nonnegative. An explicit numerical lower bound of —50 for the De
Bruijn-Newman constant was later established by Csordas, Norfolk and Varga [23]. The lower bound was
pushed upwards further in a succession of papers [24), 25, 26, (56, 57|, [78], [83], with the established bounds
gradually growing extremely close to 0 on the negative side. Most recently Rodgers and Tao [76] succeeded
in proving Newman’s conjecture that A > 0, and recent work by the Polymathl5 project [72] strengthened
the result of Ki, Kim and Lee mentioned above by proving the sharper upper bound A < 0.22.

We now come to a key idea that relates the above discussion to our theme of expansions of the Riemann
xi function in families of orthogonal polynomials, and the Hermite polynomials in particular. Specifically,
it is the idea that any series expansion of the Riemann xi function in a system of orthogonal polynomials
comes equipped with its own flow based on the standard construction of the so-called Poisson kernel in
the theory of orthogonal polynomials. We call this the Poisson flow.

IThe multiplication by four is a quirk associated with the different notational conventions used by different authors in
the literature on the subject. See p. 63 and Table 5.2 on p. 68 of [14] for further discussion and a comparison of the different
conventions.
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To define the Poisson flow, recall that the Poisson kernel for a family ¢ = (¢,)5% of polynomials that
are orthogonal with respect to a weight function w(x) is defined by

oo

b ) = d
(2.47) pr(z,y) Z:O i & (w)2w(u) du

n

on(@)on(y)  (Ir[ <1).
Its essential feature is the equation

/ " b @ y)on(yu(y) dy = " (),

—0o0

which is trivial to verify by evaluating the integral termwise. That is, the associated integral kernel operator
¢ : f = [opf(x,y)f(y)w(y) dy acting on L?(R,w(x) dz) sends a function with Fourier expansion f(z) =
D on Yn®n t0 D Yn" ¢, with the nth “harmonic” in the expansion being attenuated by a factor r™. Note
that one can also consider the limiting case r — 1, in which case the definition of the Poisson kernel p?
no longer makes sense, but the operator H‘f can be defined simply as the identity operator, which is clearly
the limit of the IL,’s (and p{(x,y) can be thought of as the distribution d(z — y)).

We can now define the Poisson flow associated with the Riemann xi function for the orthogonal
polynomial sequence ¢ = (¢,,) to be the family of functions

* pe(t,T)E dr if 0 1,
04 Xpw) =@ = g Lot BDEDRDAT HOSr<l gy
=(t) ifr=1
Alternatively, if E(t) is expressed in terms of its Fourier series expansion Z(t) = Y 07 ¥, (t) in the

orthogonal polynomial family (¢,,)2%, (in the sense of the function space L?(R,w(z)dx)), we can write the
Poisson flow equivalently as

(249) X?(t) = Z rn7n¢n(t>'
n=0

Denote the family of Hermite polynomials by H = (H,,)%,, so that plt(x,y) and II’* now denote
the Poisson kernel and integral operator associated with the Hermite polynomials, respectively, and X (t)
denotes the corresponding flow associated with the Riemann xi function. Our main result for this section,
relating the different concepts we introduced above, is the following.

THEOREM 2.9 (Connection between the Pdlya-De Bruijn and Poisson flows). The Poisson flow for the
Hermite polynomials is related to the Pdlya-De Bruijn flow (2.46) via

(2.50) X(t) =Zp2_nu(rt)  (0<r<1).

ProOOF. This is a straightforward calculation that generalizes (2.20) by weighting each of the summands
in the expansion by the factor 7. Once again using the generating function formula (A.13]), we have that

(2.51) XH(t) = ;i”r"bnﬂn(t) - ,; o /_OO 2T ®(z) d - Hy(t)
= / Z ot (m;) H,(t) e_Tz<I>(CL‘) dr = / exp | 2t - e (mc) e_;é(x) dx
—oo \ iy 2 . 9 2
00 22 ‘
= / ®(x) exp ((r2 — 1)4) e dyp = Er2—1)/a(rt),
as claimed. O

Theorem [2.9] ties together in an interesting way the different threads of research into RH begun with
the work of Pélya on universal factors (and continued with the extensive subsequent investigations into the
De Bruijn-Newman constant by De Bruijn, Newman and others) on the one hand, and Turdn’s ideas on the
Hermite expansion on the other hand. Incidentally, hints of this connection seem to have already been noted
in a less explicit way in the literature; see in particular [13] Section 3].
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One key point to take away from this discussion is that the Poisson flow appears to be a natural device
with which to try to approximate the Riemann xi function. And while Theorem shows that the Poisson
flow associated with the Hermite polynomials is equivalent to an already well-studied construction, the point
is that Poisson flows are a method of approximation that allows us a considerable freedom in choosing
the system of orthogonal polynomials to use, and it is conceivable that this might lead to new families of
approximations with useful properties. Indeed, in Chapter [3] when we consider the expansion of Z(¢) in the
family of Meixner-Pollaczek orthogonal polynomials f,,, we will revisit the Poisson flow in the context of this
new expansion and show that it has some quite natural and interesting properties in that setting.

As a final remark, we recall that one of several notable features of the Pélya-De Bruijn flow, first pointed
out in [26], is that it satisfies the time-reversed heat equation
(2.52) I=A (1) :_625(75)7

oA ot?
a fact that follows immediately from the representation by differentiating under the integral sign, and
which played a useful role in the study of the De Bruijn-Newman constant (see [14, Sec. 5.5], [26], [76]). It
is of some interest to note that the same result can also be obtained by using the relation interpreting
the Pélya-De Bruijn flow as a reparametrized version of the Poisson flow, together with basic properties of
the Hermite polynomials. To see this, start by inverting to express Ey(¢) in terms of the Poisson flow
as

Ex(t) = X7 !

Ea(t) = VIFX\ T 14N )

Now expanding the Poisson flow as in (2.49)), we differentiate and then use the classical ordinary differential
equation (A.12)) satisfied by the Hermite polynomials, to get that

O2A(t) _ 0 (i ¢
oX  OXN \U VI /T A
0 [ n t
= by, (1 + 402 Hy, | ——
o (n_ol (1+43) <\/1+4/\)>

= n n t n 4t t
=) " |4=(1+4N) 2T TH, [ —— ) — (1 4+4))2 H,g( )
;Z [ g (1Y) (\/1+4A) N saroy i\ o

= by (1+40)%

n=0

1 t 2t t
_HI/ + H/ ( ))
1+4A< ”<\/1+4A) VI4+4x "\ V144X

2 ) t
T (mﬂ

_—i'”b At (o)) o2 (e (L)) 2 25
- ¢ on a2 \""\ixzan)) T e v\ i an)) T a2

n=0

recovering (2.52) as expected. (Incidentally, at the heart of this calculation is the simple observation that

each of the two-variable functions h,, (7, z) = 7*/%H,, (7\%) solves the time-reversed heat equation (hy,,), =

—i(hn)m. With a bit of hindsight, this fact coupled with knowledge of (2.52)) could have been seen as yet
another clue foreshadowing the connection we made explicit in Theorem [2.9})
One reason why the above derivation was worth noting is that it has a nice analogue in the context of

the expansion of the Riemann xi function in the orthogonal polynomial family (f,,)5%,—see Theorem in
Section [3.4]




CHAPTER 3
Expansion of =(¢) in the polynomials f,

Recall that in the Introduction we discussed a family of polynomials ()52, defined as

3/2)n 3 .3
Fule) = P mj2) = O, (‘m i 2;2) :
where P(’\)( ; ) denotes the Meixner-Pollaczek polynomials with parameters A, ¢. The polynomials f,, form

a family of orthogonal polynomials with respect to the weight function ‘F ( + wc) ‘2 on R. Their properties
are summarized in Section [A.4 Our main goal in this chapter is to derive the expansion ) for Z(t)
in the (trivially rescaled) orthogonal polynomials f,(t/2), which we refer to as the f,- expansmn and to
investigate some of its key properties. After proving two main results about the existence of the expansion
and the asymptotic behavior of the coefficients, we will see that thinking about the f,-expansion leads to a
natural family of approximations to Z(¢) arising out of the Poisson flow of the orthogonal polynomial family
(fn)22,. The ideas in this chapter will also prepare the ground for much additional theory developed in
Chapters [4] and [f]

3.1. Main results

We start by identifying the numbers ¢y, that will play the role of the coefficients in the f,,-expansion.
We define more generally numbers (¢, )22, by

x—1\"
(3.1) cn:Q\f/ +13/2 (m—i—l) dz.

The integral converges absolutely, by -7. Moreover, the functional equation (|1.9)) implies through a
trivial change of variables u = 1/x that

1 n o) n
w(x) x—1 w(u) u—1
3.2 de = (—-1)" du.
(3:2) /0 (x+1)3/2 <x+1> z=(-1) /1 (u+1)3/2 \u+1 v
It follows that c2,+1 = 0 for all n, and that the even-indexed numbers cg, can be alternatively expressed as

-1 2n
(3.3) ch74f/ +13/2 <x+1) dz.

Since the integrand in (3.3)) is positive on (1, oo)7 the numbers ca,, are positive.
With these preliminary remarks, we can formulate the main result on the expansion (|1.16]).

THEOREM 3.1 (Infinite series expansion for Z(¢) in the polynomials f,,). The Riemann zi function has
the infinite series representation

(3.4) =) = 2(1)”mf2n (;) ;

which converges uniformly on compacts for all t € C. More precisely, for any compact set K C C there exist
constants C1,Co > 0 depending on K such that

(35) 20— 3 (-1 ean (3)

n=0

< Cle—CQ\/ﬁ

20
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holds for all N >0 and t € K.
We will also prove a formula describing the asymptotic behavior of the coefficient sequence c,,.

THEOREM 3.2 (Asymptotic formula for the coefficients ¢a,,). The asymptotic behavior of cay, for large n
is given by

(3.6) Cop = (1 +0 (nil/w)) 16v/273/2 V/nexp (74\/7m)
as n — oo.
A corollary of the above results, analogous to Corollary is the following.

COROLLARY 3.3. The coefficients c,, can be alternatively expressed as

V2nl [ t 3 it\[
3.7 n=(—1)" 45— =) ful= ) IT -+ = dt.
0 o= iy 20 (3) | (5+5)
PROOF. This is analogous to the proof of Corollary O

3.2. Proof of Theorem [3.1]

The next two lemmas establish technical bounds that will be useful for our analysis and play a similar
role to the one played in the previous chapter by Lemmas [2.4] and

LEMMA 3.4. The polynomials f,(x) satisfy the bound
(3.8) [fula)] < Cre®>”

for all n > 0, uniformly as x ranges over any compact set K C C, with C1,Cy > 0 being constants that
depend on K but not on n.

PROOF. Fix the compact K C C, and denote M = 2max,cx |z|. Fix an integer Ny > max(4, (3M)3).
Let C1,C5 > 0 be constants for which (3.8]) holds for all x € K and 0 < n < Ny, and such that Cy > 1.
Note that for all n > Ny we have the inequality n'/3 — (n — 2)/3 > 2 which implies that

3n2/37

_Cz(nl/B_(n_2)l/3) _(nl/S_(n_2)l/3) o 1
(3.9) e <e <1 325
(since e7® <1 —2/2if 0 <z < 1). Then, assuming by induction that we have proved the bound (3.8) for
all cases up to n — 1, in the nth case (where n > Ny) we can use the recurrence (A.27) and (3.9) to write

that, for all z € K,
2|$| 1 M Co(n—1)1/3 1 _o\1/3
< - _ 1_7 _ <7 z(n 1) 1_ CQ(TL 2)
) < 22 @]+ (1= 50 ) loa(o)] < S #(1- 5 ) Cre

< 0yeCan'? M ooy (- LY a2y
- | n 2n

Cant/? % _ L o
< Cre | n * <1 2n> <1 3n2/3

Cont/e [ 1 1 L Conl/3
§0162 3n2/3+<1_3n2/3>}_0162 .

This completes the inductive step. O

LEMMA 3.5. For any number B > 1 there is a constant C' > 0 such that

o0 _ 1 n
(3.10) / e B (x ) dz < Ce2VBn
1 +1

X

for alln > 0.
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PrROOF. The integral can be expressed as

/ " exp ($a () di,

where we define

(3.11) n(x) = —Bx + nlog (:) .

By solving the equation !, (x) = 0, it is easy to check that 1, (z) has a unique global maximum point z,, in
[1,00), namely
2n

n — sy 17
T B-I—

2n
O:w;(mn):_B—i_ajg 1

which asymptotically as n — oo behaves as

2n 1
n=1\—=+0—).
“=NB T (ﬁ)
The value at the maximum point is

Ty, — 1 1-1/z,
n n == 7B n 1 == 7B n 1 - -
U (x) Tn+n og‘<xn 1) Tn+ N og(1 1/$n)

oo ) (200 (3) o ()

as n — 0o. We conclude that

/1Oo exp (¢, (7)) dx = /12“ exp (Y, (z)) dz + /200 exp (Yn(2)) dz

Tn

< 2z, exp (Vn(xn)) + / e B dg
2z,
_ VY 0 /2% exp (—2vEBR) + Le-28n — o (o-2vE
_<1+O(\/ﬁ>)2 Bexp( 2 2Bn> O(e )
as n — 0o, as claimed. O

Denote s = 1 + it, and observe that with this substitution the Mellin transform representation (1.10)
for £(s) becomes the statement that

[1]

(t) = /000 w(x):r*%Jr% dz.

The idea behind the expansion (3.4)) is the simple yet powerful fact that the integration kernel z71T% can
be expanded in a very specific way in an infinite series related to the generating function (A.29)). More
precisely, for any « > 0 we have that

. _§+L’£ _ 3 _ it
(3.12)  gellogied o 2V2 (20 \TETE 2 AR
(x+1)32 \z+1 z+1
2v2 . \_3.4it . 3 _it
=y (-t

- x—i—l?’/Qan()( x—!—l) B $+13/2Z fn()(:z:—l—l)

One can now get as a formal identity by multiplying the first and last expressions in this chain of
equations by w(z) and integrating both sides over (0, o), then using the fact that the odd-indexed coefficients
Con+1 vanish.
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To rigorously justify this formal calculation and obtain the more precise rate of convergence estimate

(3.5), we now make use of the technical bounds from Lemmas and Using the above infinite series
representation of the kernel x_%+%, we see that

2(t) - é(—l)%cwf?" (2) ' = |70 - iincnfn <;>’
N . 2N z—1\"
| e (fw ) (xifs/gof (5) (551) ) "

> 3 it 2\/§ 2N t xr—1 "
< —irs o 2VE N (2 d
_/0 w(r)|z~1T2 (x+1)3/2n;0f <2) <Zx+1> x
w(x) - t o —1\"
=2v?2 nl = d
V) | 2 <2> (Zm+1> g
< w(x) > t x—1]"
<2v2 - d
V2 o (z+41)3/2 nz%\;ﬂ I (2)’ T+1]
UJ(Q?) > Conl/3 | X 1‘
< 2V2 Cre™2" dz
o (z+41)3/2 n:§+1 z+1
o) 00 1 n
:2\[2 Cechl/S/ w(:c) T de
> 1/3 o w(x) z—1 "
=4V2 Cre®™ d
fnzazp;ﬂ le /1 ( + 1) <x+1) o

where C7,C5 are the constants from Lemma (associated with the compact set K over which we are
allowing t to range); the last step follows from (3.2). Now note that, by (2.5)), % = O (Vaxe ™) =

0] (e*”/z) as * — 00, so we can apply Lemma (with B = m/2) to the integrals, to get that the last
expression in the above chain of inequalities is bounded by

4\/5 Z 01602n1/3 .Ce—Q\Mrn/Q’

n=2N+1

and this is easily seen to be O (e’ v “N) as N — oo. This proves (3.5)) and completes the proof of Theorem 3.1
L]

3.3. Proof of Theorem [3.2]

Define a function ¢(x), and numbers Z,, and ¢, by

_ mx(2rr — 3)
o(z) = NCESEER

e z—1\*"
Zn — —TxT ,
/1 o(x)e <m n 1) dx

= [ (o) () o
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so that co,, in (3.3)) can be rewritten as co,, = 4v/2(Z,, +¢,). We consider separately the asymptotic behavior
of Z,, and ¢,,. For ¢,, note that we have

(3.13) (:ci(:f))m —p(z)e ™| =0 (7)) asz — oo,
by (2.7). Thus, Lemma [3.5] implies that
(3.14) len] = O (efw&f”) as n — oo.

The main asymptotic contribution to cg, comes from Z,, and can be found using Laplace’s method. Start
by rewriting Z,, as

Zy = /100 () exp(than (x)) dx,

where v, (z) is the function defined in (3.11) with B = 7. Noting that, as was discussed in the proof of
Lemma Yo, () has a unique global maximum point at

”4n+1 ”4n+0 1 —
Tn = T2n = - = —_— as n o0,
2 ™ ™ Vn

we further split this integral up into three parts, by writing Z,, = ZT(LU + Z,(L2) + Zr(f')7 with

7 —m3/10
(3.15) 7= | 6(z) exp(an () de,
(3.16) 28 = [ o) expn, (@) da,
(3.17) 7z = / Oi o O €xD(Y2n () de,

where I,, denotes the interval |7, — n3/10 7. + n3/10].

The following calculus facts are straightforward to check; their verification is left to the reader:
(1) ¢(z) is monotone increasing on [1, 00).
(2) tan(z) is monotone increasing on [1,7,] and monotone decreasing on [7,, c0).
(3) than(z) is concave on [1,00).
(4) We have the asymptotic relations

Vo = o, (1) = =77, + 2nlog (Tn — 1) = —4y/mn+ 0O (\/15) ,

Tn +1
2 1 1
Dn = gn(Tn) = %Tn = 71-3/2% +O (n3/2) 5

ni/a

E, :=¢(m) = 22774t L O <1> ,

1
sz%Au+w”%=—ﬁ%fm+O<zm)
n

as n — oQ.

W () — En(EPED)
(5) We have the relation ¢4/ (z) Gz - Consequently

1
sup [y (x)| = O () as n — 0o,
zel, n

which implies that the Taylor expansion of 1), (x) around x = 7,, can be written as

1 |z — 7,3
-D _ 2 = nl I
5 (T — Ty) +O( - ), (x el,)

where the constant implicit in the big-O term does not depend on z or n.

w2n($) = Vn -
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(6) We have

sup
z€l,

We now estimate the integrals (3.15)—(3.17). For Z,Sl), since ¢(z) and 2, (x) are increasing on [1,7,],
we have that

?—1‘20( 1) as n — oo.

N nl/s

(3.18) 1Z0] < (= 010 = 1)(7, = n*/1%) exp (%n(Tn - n?’/lo))

9/10
<0 (n3/4) exp (Vn — %Dnn3/5 +0 (n >) -0 <164\/ﬁ)
n

as n — 0o.
For Z,(LS), we use the fact that

3/10 . .3/10
2n = n\'n n n
Yon (x) < Yo (1 + 070 + Ky (z — 1y — /7))

for all 2 > 7,, + n3/19 (which follows from the concavity of ¥, (1)) to write

3/ 10

1 9/10
< exp [Vn—2Dnn3/5+O(n )]
n

X / 0 (\/5) exp [ (1 +0 <11/5>) 7T3/2n71/5(x —Th — n3/10)] dx
Tn4n3/10 n

=e Wm0 (e_"1/20> =0 (16_4\/ﬁ> .

n2

(3.19) |ZzB)| < / - o(z) exp lu}gn(m + 0?1 L K (z — 7 — nS/IO)] dx

Finally, to obtain the asymptotics of Z,(f), we make the change of variables u = D, (x — 7,) in the
integral (3.16)), to get that

Don?/10
(3.20) Z? = /F o) (Tn + u> exp <1/12n (Tn + u>> du
" —/Dyn3/10 VD, VD, VD,
1 VDon3/10

u 1 |u|?
- ) exp | Vi — 2?4 O a
v Dy, —mn3/10¢ <T * \/Dn)exp |: 2“’ - (an/z)] !

1 —3/4_1/4 1
1 mnlS/lo 1
L N 2
(0 ()T o [0 (G ) o
= (1 + 0 ( 11/10>) A o2 T/ A eV <\/ 2 — O (exp (—;Dnn3/5)>)
n

_ 1 3/2, 1/2 —4y/7m
= <1+O(n1/10))47r n'“e ",

where we once again used (2.39) to account for the error arising from adding the tails of the Gaussian
integral.

Since ca, = 4v/2 (sn + 20 + 22 + 2¥), combining (3.14), (3.18), (3.19) and (3.20) gives the asymp-
totic formula (3.6). The proof of Theorem is complete. ]
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3.4. The Poisson flow associated with the f, -expansion

Motivated by the developments of Section we now consider the Poisson flow associated with
the family (f,)32, of orthogonal polynomials, which in this section we will denote by F. Recall that in
the case of the Hermite expansion, we showed that the Poisson flow could be understood as the family of
Fourier transforms of functions obtained from the function ®(z) by performing a simple operation (refer to
(2.51)). One might wonder if something similar (or perhaps even more interesting) happens in the case of
the Poisson flow associated with the family F. The answer is given in the following result.

THEOREM 3.6 (Mellin transform representation of the Poisson flow). For 0 < r < 1, the function X;7 (t)
has the Mellin transform representation

(3.21) X7 (t) = /oo we(z)zitTdz  (teC),
0

where we define

1+ 1 — .
(3.22) wr(x) = 1:777 T—na (196—172) ifn <z <1/,
0 otherwise,

making use of the notation

1—r
1+7r

(3.23) n=

Note that the map z — 1’”__7]’; maps the interval (n,1/n) bijectively onto (0,00), so the function w,(x)
contains the same “frequency information” as w(z), but compressed into a finite interval. In particular,
a notable feature of this result, which stands in contrast to what we saw in the case of the Poisson flow
associated with the Hermite polynomials, is that for r < 1 the function X;” (¢) is now the Fourier transform
of a function with bounded support; that is, X7 (¢) is an entire function of exponential type. It is intriguing
to speculate that this might make the problem of understanding where the zeros of X; (t) are located easier

than for the case of the original xi function Z(¢).

PROOF. The derivation starts with the formula (2.49). Specializing this to the expansion (3.4) and
substituting the defining formula (3.1)) for the coefficients ¢,,, we have that

“Srern (5) =2aS [ (1) e (4)
M/ >s/22fn<)<x+i>”df
e [T s (S (5) )

Inside the integrand we have an expression involving the generating function (A.29)) of the polynomials f, (z).
Substituting the formula for this generating function (as we did in (3.12)), which is essentially the special

dx.
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case 7 = 1 of the current computation) gives that

X]: —2\[/ W ((1—22)7%+%(1+ZZ)7%+%> dr
.’E

z—1
z+1

By

i

:2\/5/00 w) (l—r+al+r)\ 7% (1+rtal—r)\ 1" o
(z +1)3/2 z+1 z+1
%

3 it 3
1—r\ 172 i 1—r \ 717
_2\// Y1 47) T <x+) (1+4r)"1" (1+ rm) dx

1+ 1+7r

3 z
> 1 T+7n ity
d
(1+7“)3/2/0 wiz )( 1+ nx)3/2 (1+’75€) !

3 it

> 1 1T
_ 1 3/2/ dz.
(1+n) 0 w(a:)(1+77x)3/2 14 nx v

We have thus expressed X (¢) as a sort of modified Mellin transform of w(z). But this last integral formula
can be transformed to an ordinary Mellin transform by making the change of variables z = 1’:}1 in the last
integral. The reader can verify without difficulty that this yields the Mellin transform of the function
given in . (|

In the next result we show that the Poisson flow satisfies an interesting dynamical evolution law, anal-
ogous to the time-reversed heat equation satisfied by the Pdlya-De Bruijn flow. In this case the
evolution law is not a partial differential equation, but rather a differential difference equation (DDE).
To make the equation homogeneous in the “time” variable, it is most convenient to perform a change of
variables, reparametrizing the time variable r by denoting r = e~ (with 7 > 0).

v

ol

|~

THEOREM 3.7 (Differential difference equation for the Poisson flow). The function M(7,t) := X7 (t)
satisfies the differential difference equation

oM 3 1/3 it 1/3 it
=Mt - (S-S )Mt +20) - S (S + 2 ) M(r,t—2i t e C).
o~ M) 2(4 2) (7,8 +2i) 2(4+2> (nt-2%) (r>0teC)

PROOF. The computation is analogous to the derivation of the time-reversed heat equation at the end
of Section except that instead of using the differential equation satisfied by the Hermite polynomials we
use the difference equation (A.28]) satisfied by the polynomials f,(z). We have, again starting with (2.49))

T

with the substitution r = e~ 7,

aM
= (S (3) - 5
(3 t 1/3 N 1/3 it t
=2 e (4f”(2>‘2(4 )f"( ~i)- 2(4_2)%(2“))
3 = mre [t 1/3 it e [t 3 i\ = mre [t
— 7;1 cne " fn <2) -3 <4—|— 2>n_ i"cne " [ (2 > (4—2>nz_:oz cne ™ fu (2+z>

!

3 1/3 it 1/3 it

=Mt — = (S-S Mt +20) — < (2 4+ 2) M(rt - 20).
M 2(4 2) (7.t +2i) 2(4+2> (7.t —2i)

(3.24)

3.5. Evolution of the zeros under the Poisson flow

The differential difference equation opens up the way to an analysis of the dynamical evolution
of the zeros of the functions X (¢) as a function of 7, in a manner analogous to how the time-reversed heat
equation made it possible to write a system of coupled ODEs satisfied by the Pélya-De Bruijn flow,
which played a useful role in the investigations of the De Bruijn-Newman constant (see [14, Lemma 5.18,
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p. 83]). Our next goal is to derive this evolution law, again using the more convenient time parameter 7. To
avoid technicalities involving the behavior of entire functions (and to generalize the question slightly, which
also seems potentially useful), we switch in this section from the Riemann xi function to the simpler setting
of polynomials.

Let z1,...,2z, € C be distinct complex numbers. Let

(3.25) f[ t— Z}.C

and consider the function M, (7, t) defined as the solution to the DDE ([3.24) with initial condition M,(0,t) =
p(t). To see that such an object exists, write the expansion

- t
t) = Zkak (2)
k=0
in the linear basis of polynomials (fx(t/2))}_,. Then M,(7,t) is given by

(3.20) My = Y 5)
k=0

(the proof is a repetition of the calculation in the proof of Theorem above, with both proofs being based
on the simple observation that each of the functions my,(7,t) = e=*" f(t/2) for k > 0 is a solution to (3.24)).
Proving uniqueness is left as an exercise. We refer to the function M, (7,t) as the Poisson flow (associated
with the polynomial family F) with initial condition p.

For any fixed 7 € R, the function ¢ — M, (7, t) is a polynomial of degree n with leading coefficient e =" (to
see this, compare at times 7 and 0, taking into account ) Denote its zeros by Z1(7),. .., Z,(7),
and note that while they are defined only up to ordering, in the neighborhood of any fixed time 7y for which
the zeros are distinct one can pick the ordering so that Zj(7) are smooth functions of 7.

THEOREM 3.8 (Evolution equations for the zeros under the Poisson flow). In the neighborhood of any
7o as above, the functions (Z(T))}_, satisfy the system of coupled ordinary differential equations

31 24 31 24
Z 14+ ——> T — — 1— —=2
<k 2) <H ( +Zk—Zj> (k 2) H ( Zk_Zj>
1<j<n 1<j<n

i#k i#k

dZy,

g —% (1<k<n).
-

PROOF. The fundamental relation defining the kth zero Zj is
My (7, Zi(7)) = 0.
Differentiating this with respect to 7 gives

0= % (My(7, Zu(7))) = 8§fp (7, Zu(7)) + %(7, Ze(r) %

(where Bg/t[” refers to the partial derivative with respect to the second variable). By (3.24)), this expands to

3 1/(3 iz L 1/(3 iz oM, iz,
= oMy (7, Zi) — = (2= EE) My(r, Z 4 20) — = (24 ZE ) My(r, Zy — 20) + S (7, Zi(r)) ok
0= Paytr )~ 5 (§ - 55 ) drzu 20y - 5§+ 5 ) a2 20y + 25 20t
1/(3 iZ 13 iz oM, dZ,
= (2= My Z - 20) — = (2 EE) My(r, 2 — 2 Zi(r) 2k
2(4 2) o(7 2+ 20) 2(47L 2) o1 2k = 20) + 52 (m 2T
Now, My (7,t) = e "7 [[_,(t — Z;(1)), so
oM,
5 (1. Zi(T H (Zk—Z

kl/\

j<n
#k
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It follows that

dZ, 1 1 [(3 iZk> . 3 iz .
— = || = — — | Mp(1, Z + 20) + | = + — | Mp(7, Z), — 2i)
OM, VZAN p\’>
dr 2550(n Z(r) L\ 2 1702
/3 iz & . 3 iZk\ _
=5 H (Zy — Zj) (4 5 ) | (Zi +2i Zj)+(4+ 5 )H(Zk 2i — Z;)
1<j<n Jj=1 j=1
37k
1{../3 iZk) Zy+2i— Z; _ (3 iZk> Zy —2i— Z;
=—|2il-— — ———+(—2¢) | -+ — 2
2 [ <4 2 1<13_'£n Zk - Zj ( ) 4 2 1<]H<n, Zk - Z]'
J#k G#k
1 31 24 3 21
=-||Zr+ = 1+ + | Zr — — — ,
G#k G#k
as claimed. O

Our final result for this section is of a negative sort, illustrating another way in which the Poisson
flow associated with the family F of orthogonal polynomials behaves differently from the Pdélya-De Bruijn
flow. Specifically, it was mentioned in Section that the Pélya-De Bruijn flow preserves the property of
hyperbolicity. Our result shows that the Poisson flow associated with the family F does not.

PROPOSITION 3.9. There exists a polynomial
- t
P(t) =Y S (2> ;
k=0
and numbers 1 > 0 and 1o < 0, such that P(t) has only real zeros, but the polynomials t — Mp(11,t) and

t — Mp(19,t) both have non-real zeros.

PRrROOF. Take .
P(t) = (v~ 2)(a — 200) (@ — ) = 3 onf (;) ,
k=0

where
5619 83801 3
1600° 25" 400" 4 )’
and 71 = 0.1 and 79 = —0.05. Direct calculation of the zeros of Mp(11,t) and Mp(72,t) verifies the claim. O

(00701,02703) = (

One conclusion from Proposition [3.9] is that there does not seem to be an obvious way to define an
analogue of the De Bruijn-Newman constant in the context of the f,-expansion of the Riemann xi function.



CHAPTER 4

Radial Fourier self-transforms

In this chapter we continue to probe deeper into the theory of the f,,-expansion of the Riemann xi
function, by developing what will turn out to be an entirely new way of thinking about the expansion
as arising out of the expansion of an elementary function A(r) (described below in (4.5)) in a natural
orthogonal basis of functions related to the Laguerre polynomials Li/ 2 (z). Along the way we will encounter
several interesting new special functions and develop some new ideas, which are of independent interest,
related to radial functions that are eigenfunctions of the Fourier transform, and their connections to a class

of functions satisfying a symmetry property similar to (but weaker than) that satisfied by modular forms.

4.1. Radial Fourier self-transforms on R? and their construction from balanced functions

A function F : R? — R is called a radial function if F(x) depends only on the Euclidean norm |x|.
Given a radial function F, it is common to abuse notation slightly and write F(x) = F(|z|), that is, we use
the same symbol to denote the function on R? and the function (on [0,00)) of the norm through which the
original radial function can be computed. Conversely, given a function F : [0,00) — R it will sometimes be
convenient to regard F' as a radial function on R for some specified value of d.

Let F, denote the Fourier transform on R¢, with the normalization

FuP)) = [ Fooe ) i

It is well-known that the d-dimensional Fourier transform Fy4(F') of a radial function F' is also a radial
function, and can be expressed as a Hankel transform, namely as

(4.1) FAE)p) =20 [ F 1 sy dr (52 0)
where
L& () gy
Ta() _;::On!l“(n—&—oz—kl) (5)

denotes the Bessel function; see [31] Sec. B.5]. The cases d = 1 and d = 3 of (4.1]) are particularly simple
(and of relevance to us, as we shall see). In those cases, the standard identities

_/2sin(x) _ \/Ecos(x)
J1/2(55) “\x \/:E ) J71/2<9U) “\x \/5
mean that (4.1) can be rewritten as

(4.2) Fi(F)(p) = 2/0C>O F(r) cos(2mrp) dr,
2 [ .
(4.3) Fs3(F)(p) = ;/0 F(r)rsin(2nrp) dr.

Note that the case d = 1 is simply a cosine transform; indeed, a radial function on R? for d = 1 is the same
as an even function.

A function F : RY — R is called a (Fourier) self-transform if F,;(F) = F. The Gaussian F(r) = ¢~
is an important example of a self-transform (in any dimension!) which is also a radial function. More
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generally, through a trivial rescaling operation we see that the Fourier transform of a scaled Gaussian e—mer”
(with ¢ > 0) is given by

J—_-d(e—rrcrz)(p) — C_d/Qe_ﬂPQ/c.
This relation provides a general means for constructing a large class of radial self-transforms in R¢ by taking
a weighted average of scaled Gaussians (or a “scale mixture” of Gaussians, in probabilistic language), using
a weighting function in which the contribution of the Gaussian scaled by a given scalar ¢ is suitably matched
by that coming from the reciprocal scalar 1/c. This sort of construction can be found for example in works
by Hardy and Titschmarsh [33] and Barndorff-Nielsen et al [7]. As discussed by Cohn [20], the same
construction in the case where the weighting functions are modular forms motivated recent progress on the
sphere packing problem (see also [90]).
For our purposes, the weighting functions we will consider are related to modular forms but are more
general. Let o > 0. If a function f : (0,00) — R satisfies the relation
1
f () =z f(x) (x > 0),
x
we say that f is a reciprocally balanced function of weight «. (Usually, for convenience we will omit
the adverb “reciprocally” and simply refer to f as a balanced function of weight «.) The following result is
a trivial variant of the observation made in [7, Eq. (2.3)].

LEMMA 4.1 (Constructing self-transforms from balanced functions). Let d € N. Let f(z) be a reciprocally
balanced function of weight 2 — d/2, and define an associated function

(4.4) Flr) = / f@)e ™ de (r>0).

0
Then F, considered as a radial function on R?, is a Fourier self-transform, assuming its Fourier transform
is well-defined.

PROOF.

FuE)o) = [ 1@ Fs () (o = [ a2

- /0 f(l/y)yd/%—”wz%: /O F)e ™" dy = F(p).
O

Note that the relationship between f(z) and F(r) in is simply that F'(r) is the Laplace transform
(LF)(u) of f(z), with the change of coordinates u = 7r?. It can also be interpreted as a group-theoretic
convolution operation of the Gaussian function r — e=™" with the function z — 21 f(z~1) with respect to
the multiplicative group structure on R, equipped with the multiplicative Haar measure dxi.

4.2. The radial function A(r) associated to w(z)

We have encountered two balanced functions that play an important role in the study of the Riemann
xi function: the function #(x) (which is in fact a modular form), and the function w(x) derived from it;
both of those functions are balanced of weight 1/2. We are mainly interested in w(x), because it has better
integrability properties and because the Riemann xi function is its Mellin transform. Define

A(r) = / w(a:)e_m”’2 dz.
0
Since w(z) is balanced of weight 1/2, Lemma[d.1]implies that A(r) is a Fourier self-transform when considered

as a radial function on R®. The next result gives an explicit formula for A(r).

PROPOSITION 4.2. A(r) is given explicitly by

d* /r T 1 721 cosh(7r)
4.5 A(r) = — [ = coth - - - >\
(45) (r) dr? (4 “ OTT)) 2 sinh?(r) 2 sinh®(7r)
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We give two short proofs of Proposition As we remarked in the last paragraph of the previous
section, this result has an obvious interpretation as a calculation of the Laplace transform of w(z). Several
closely related calculations have appeared in the literature; see [10] pp. 23-24], [12] eq. (2.17)], [18] pp. 168],
and especially eq. (91) of [64], which can be seen using the results of [18] to be equivalent to (L))

FIRST PROOF OF PROPOSITION [£2] We have directly from the definitions that

oo

/ w(x)e*”% dr = Z l2W2n4/ x2ef7r(r2+n2)w dr — 37m2/ xefﬂ'(rQJrnQ)z dﬂf‘|
0 0 0

n=1

Z 47T27’L 37T7’L2
71-3 r2 +n2 7T2(’I"2 +n2)2

n=1

_ 1 i 4n4 3n2 B 1 i d2 7~2
o S\ F7?)? (24 7?)? 27 = dr? \r? +n?

d? 1 1 o 72 a2 /r
= —_— _— _— —_— = —F h
dr? (477 + 2m nZ::l r2 4+ n2> dr? ( cot (777“))

Here, the last equality follows from the classical identity

coth(mr) = - ,
T 7T + Z T2 + ’/l2
the partial fraction decomposition of the hyperbolic cotangent function [2 p. 12]. This proves the first
equality in (4.5)); the second equality is a trivial verification, which we leave to the reader. O

An alternative proof of Proposition is based on a calculation of the moments of w(z), which seems
worth recording separately.

LEMMA 4.3. For n > 0 we have the relation
" (47)" T in!

> n _ (71)
(4.6) /0 w(z)z™ dx = 1(2n),

where (By)52, denotes the Bernoulli numbers.

Bana,

The relation (4.6)) is equivalent to the bottom-right entry in Table 1 of [12] p. 442] (see also [65] where
several analogous formulas are derived).

PRrROOF. Recalling Euler’s formula

we observe that for integer n > 0,

/OOO w(z)a" da = UOOO ()21 dm]

—¢(2n+2) = %(m +2)(2n + 1) " T (n + 1)C(2n + 2)

s=2n+2
n! (—1)(2m)2n+2 (—=1)"(4m)"H1n!
= 2n+2)(2n + 1) — "~ Banta = ——— < Banya,
gt (202204 1) o Bant 4(2n)! 2n+2
as claimed. 0

Another easy fact that we record is the Taylor expansion of the function on the right-hand side of (4.5]).

LEMMA 4.4. We have the Taylor expansion

d2 T > 2 2n+1B2n 2 on
W (1 coth (71'7')) = Z ()2(271)'-’_7"2 (|7”| < 1)
n=0 ’
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PROOF. Recall the standard generating function identity

z z\ =\ By, on
B coth (5) = nZ:O (Zn)!z (2| < 2m)
(see [2, p. 12]). Making the substitution z = 27 and differentiating twice gives the result. O

SECOND PROOF OF PROPOSITION .2l From the above two lemmas we see that, calculating formally at
least,

o0

o] s oo (_1)nﬂ_n,r2n
w(x)e ™ Tdx = w(x 2" dx
| e JAEC)IE
_ = (_1)nﬂ_nr2n > n _ = (277)2n+1B2n+2 2n __ d? r
= nZ:O — w(z)z" dr = nzzo ETC rt=-s (Z coth (ﬂr)) .

To justify this rigorously, note that, by 7, the function w(x)exp(—nr?z) is absolutely integrable
on [0,00) for any complez number r satisfying |r| < 1. We have thus established the identity for those
values of 7, and, since A(r) can be regarded as an analytic function of a complex variable r on some open
set containing the positive real axis, the result follows for general » > 0 by analytic continuation. ]

4.3. An orthonormal basis for radial self-transforms

Recall that the Laguerre polynomials L%(z) are, for fixed o > —1, a family of orthogonal polynomials
with respect to the weight function e *2® on [0, 00). Their main properties are summarized in Section
We can use them to construct functions suitable for representing radial functions on R? by defining

GD(r) = e ™ LI 272 (r>0).
One main reason why this is a useful definition is that the Gﬁ{” satisfy the orthogonality relation
I'(n+d/2)
2(2m)d/2n) "

which, as the reader can verify, is immediate from the standard orthogonality relation (A.16|) for the Laguerre

polynomials, by a change of variables. Equivalently, recalling that we are thinking of the Gﬁf” as functions
on R, we can write this as an orthogonality relation with respect to the ordinary Lebesgue measure on R?
by interpreting the integral on the left-hand side of as an integral in polar coordinates, which gives the
equivalent relation

(4.7 / GD()GD (ryri=t dr =
0

Gﬁ,;” (X)G(d) (x) dx = Kgn0mn,

n

Rd
where
Lt dTwtd/)
b= 0Ny (m) a2l T 212 (1 + d/2)’
and V; = == denotes the volume of the unit ball in R

r(§+1)
The orthogonal family (G%d))ff;o is especially useful for representing radial self-transforms such as the
function A(r), thanks to the following result.

THEOREM 4.5 (|50}, Secs. 4.20, 4.23]). The functions el (r), considered as radial functions on RY,
form an orthogonal basis of the subspace L2 4(R?) of L?(R%) consisting of square-integrable radial functions.
Moreover, this orthogonal basis diagonalizes the radial Fourier transform (4.1); more precisely, we have the
property

Fa(60) = (~1mGi.
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The theorem implies in particular that the even-indexed functions Gg,? (r) form an orthogonal basis for

the subspace of L2 ;(RY) consisting of square-integrable radial Fourier self-transforms. This gives a new

way of representing radial self-transforms as linear combinations of the form > an(d)( ). Thus, we have
now shown two general ways to construct radial Fourier self-transforms: first, as weighted mixtures of scaled
Gaussians, and second, as linear combinations of the basis elements Ggi). As the next result starts to
illustrate, the interplay between these two approaches turns out to be very fruitful.

PROPOSITION 4.6. The f,-expansion coefficients ¢, defined in (3.1) can be alternatively expressed as

8(*3//527;:' /0 h AF)r2GP (r) dr.

PROOF. We start by evaluating a simpler integral, namely, for integer m > 1,

/ A(r)e_”QTQm dr = / </ w(m)e‘”r2 d:r) e My
0 0 0
:/ w(x) (/ 6771'(2174’1)7‘27‘2777/ dT) dx
0 0
s IS 2m d
/ w(x) / e " v Y dx
0 0 m(z+1) 2y/m(z+1)u

1 1 e 1

= 27T-m+1/2r (m + 2) /O w(x) (.17 + 1)m+1/2 dx

_ B2)m [T 1
= Arm /0 W(x) (ZL’ + 1)m+1/2 dx

Now using the formula (A.15) for the Laguerre polynomials, we have that

(4.8) Cn =

/ A(T)TQG;S)(T)dr:/ A(r)rQe_”zL;/Q(Qﬂ'rZ)dr
0 0

* A(T)e—ﬂrz Z ( k|) <nn+1l{:2)( )kT2k+2 dr

k=0

(—i!) (nn+_1/2>/ A(r)e=m"p 2652 g

(—2m)F (m+1/2\ (3/2)r Oowx . ~(k+3/2) gy
(") / (o) + 1) a

k! n—k ) 4nkt!
[e’e) n —or k
oo (Z( () S )

[ (TG () e ) e

k=0

I
S

£l
I

0

I
M=

b
Il
o

I
S—

Noting the simple relation (3/2_)" (7’:122) = (S/f!)” (Z) we see that the sum inside the integral simplifies as

5B (M V). oo 1yt = BB S (W) ooyt

k=0
ST YRR T

(x—1)",
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Thus, we get finally that

*° 3/2)n [ w(x) r—1\" (3/2)n
Ar2ED (1) dr — ¢ / e — '
/0 (r)r=Gr2 (r) dr ! o (x4+1)32 \z+1 v Sﬂﬂnlc ’
which proves (4.8)). O

We have set the stage for one of the central results of this chapter.

THEOREM 4.7 (Expansion of A(r) in the orthogonal family Gg’)(r)). The radial function A(r) has the
series expansion

(4.9) A = 32 enGO (),
n=0

with ¢, given by (3.1)), (3.3) and (4.8). The series in (4.9) converges pointwise and in L*(R3).

PROOF. The equation (4.9) is simply the Fourier expansion of the (clearly square-integrable) function
A(r), considered as a radial function on R?, in the orthogonal basis Gg’)(r). The fact that the coefficients ¢,

are the Fourier coefficients follows from (4.7) and (4.8) (together with the simple equality 8(?/;2”' = 21“((27:;5)//2273'

relating the normalization constants appearing in those two equations). The convergence in L?(R3) is
immediate, and pointwise convergence follows from standard theorems about expansions of a function in
Laguerre polynomials; see [50, p. 88]. O

4.4. Constructing new balanced functions from old

Next, we show a simple operation that produces a balanced function of weight 2 — a starting with a
balanced function of weight «.

LEMMA 4.8. Let f : (0,00) = R be balanced of weight 0 < o < 2. Then the function g : (0,00) — R
defined by

(4.10) g(x) = /0Oo w_{(;))z_a du

is a balanced function of weight 2 — a.

v x

B A C v

(v+2)2- 2 v+ )2

PROOF.

O
The integral transform in (4.10) is known as a generalized Stieltjes transform. Its properties are
4.8

discussed in [43), [80]. Lemma [4.8 appears to be new.
4.5. The functions v(z) and B(r)
Applying the construction of Lemma to our balanced function w(x) (with o = 1/2), we define

= w(u)
V(:c):/o mdu,

and note that v(z) is a balanced function of weight 3/2. Now define (as in (4.4)) the associated radial
function

B(r) = /0 @)™ da,
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We will have much more to say about these functions below. Among other results, in Section 4.9 we will
show that B(r) is given by the explicit formula B(r) = 1 — 2r’(r) — r2¢" (r), where 1 (z) is the digamma

function. The function v(x) and a closely related function (t) = \/117_751/ 1=t will play an important role in

1+t
our understanding of the g,-expansion of the Riemann xi function, which we will show in Chapter
arises naturally from the expansion of 7(¢) in the Chebyshev polynomials in the second kind. The same
function 7(t) also has an interpretation as a generating function for the f,-expansion coefficients c,; see
Section

4.6. Some Mellin transform computations

In this section we compute the Mellin transforms of the functions A(r), B(r), v(x), and derive two
separate Mellin transform representations for the polynomials f,,. This will set the ground for the alternative
derivation of the f,,-expansion mentioned at the beginning of the chapter, which will be given in the next
section, and for additional results in Sections and Chapter [ that will shed additional light on the
significance of the new functions we introduced.

PROPOSITION 4.9. The Mellin transform of A(r) is given by

e 1
(4.11) /0 Ayt dr = gt (= D= DT — D¢ = 1) (Res>0).
FIRST PROOF. Denote F(r) = Z(coth(rr) — 1) = 1 -2—. Using integration by parts twice, we have
J e A e e NS (R A A
0 0 r=0 0

=0—(s—1)F(r)r 2

+(s—=1)(s—2) /000 F(r)yrs=3dr

=o+o+;(s—1>(s_2)/ooo

= %(3 —1)(s—2)(2m) "I (s — 1)¢(s — 1).

1

- 2 dr
e — 1

SECOND PROOF.
(4.12) / A(T)Ts_ldrz/ / w()e ™ do s~V dr
0 0 0
=/ W(x)/ e =1 g dy;
0 0
oo [e%e] B \/a s—1 du
“| == d
/0 ) (/o ‘ (m Nl
1 S o0
- —(s—1)/2 = —s/2
N 1“(2)/0 wlw)z=*" dz
1 s 1 s
= - 78/2 —_ —_ = — 75/2 — _
57 I‘(2>§(2 s) 57 F(Q)g(s 1)
1 s—1
2

Sqpms/2D (;) : %(s —1)(s — 2)x—=V/2p (2) C(s—1)

1 2572 s—1 s
=—(s—1)(s—2 Iri—— )T (7) —1).
e~ D=2 (7 () (3)) e
This coincides with the right-hand side of (4.11)) by the duplication formula [2] p. 22

(4.13) D(2)D(z +1/2) = /72! 72T (22).
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PROPOSITION 4.10. The Mellin transform of v(x) is given by

(4.14) /000 v(z)z?/* e = %F (g) r (2 - ;) &(s—1) (0 <Res < 3).

(Here, as with known formulas such as (L.10), it seems more aesthetically pleasing to use s/2 as the Mellin
transform variable instead of s.)

PROOF. A textbook Mellin transform computation is the result that for o > 0,

(4.15) /Ooo (f;)a dt = F(S)IE((Z‘)_ ) (0 < Re(s) < ),

since the integral on the left transforms into a beta integal fol u* (1 —u)*~*~! du upon making the substi-
tution ¢ = u/(1 — u). Using this fact, we write

[e%S) [e'S) 00 [e%s) e} s/2—1
s/2—1 5. _ w(u) s/2—1 5. _ z
/0 v(z)x dx = /0 /0 T 2) dux dzx = ; w(u) . Wi dz | du

S oo ys/2-1 00 . (Y (2 -2
:/ w:(;;zz)/ - dt w2 du:/ w(u)uS/Q"‘/Q du - (2) (2 2)
0o U o (I1+1) 0 r

_ %r G)r <‘;’ ;) (s —1).

Note that the assumption 0 < Re(s) < 3 ensures that the double integral following the first equality is
absolutely convergent (as can be seen by repeating the same chain of equalities with s replaced by Re(s)),
which justifies the change in the order of integration. |

PROPOSITION 4.11. The Mellin transform of B(r) is given by

(4.16) / B(ryr—tdr — 2;2;(28;2) (s— D0(s)C(s) (0 < Res < 2).

PROOF. Repeat the calculation in (4.12), replacing A(r) by B(r) and replacing the Mellin transform of
w(z) with the Mellin transform of v(z). We omit the details. O

The following result appears to be known, although its origins and proof seem difficult to trace (it is
implicit in the results of section 1 of [16], and a more explicit version is mentioned without proof in [48]
eq. (1)] and [49] p. 829]). We include it along with a short, self-contained proof.

PROPOSITION 4.12 (First Mellin transform representation of f,,). The Mellin transform of G»S?)(T‘) is
given by

(4.17) / GO ()~ dr = 7( i) s/2T (2) fa (;Z (s - 2)) (Res > 0)
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PROOF. Again using the explicit formula (A.15]) for the Laguerre polynomials, we have that

/ Gsf’)(r)rs*l dr = / 67”2Li/2(2ﬂ'r2)r871 dr
0 0

_ kz: (*k?k (”;_12 2) (2m)" /O et gy
3y e O
R S (G )
QRSO G) Ger)
%) ]:O(_W <nn+_1£2> (8/2 +kk — 1)

(
“yr e (5 (+-3)),

where in the last step we used the formula (A.25)) for f,,(z). This gives the claimed formula. O

(]

If we replace s with the variable ¢ where s = 2 (% + it), (4.17)) can be rewritten in the form

o 1i0: 1 5
(4.18) / GS;S)(T)TEJFZ” dr = 5(_i)nﬁ*zfﬁf‘ (i + it) n (t)
0

which is a useful integral representation for f,(¢). The next result, which we have not found in the literature,
gives yet another representation for f,(t) in terms of a Mellin transform.

PROPOSITION 4.13 (Second Mellin transform representation of f,,). We have the relation

(4.19) AOO - +11)3/2 <z+i>nx51da:
e () () (el

Equivalently, with the substitution s = % + it, this can be written in the form

(4.20) /OOO G +11)3/2 (i :L an—iﬂ’f dr = i"\/%r (i + it) r (i - it) fult).

It is interesting to compare this result with Proposition m (page , which gives an analogous Mellin
transform representation for the polynomials g,,.
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PRrOOF. Recalling (4.15)), we have

/°° x—1
0 (x+1 )B3/2 \z+1

)
L =
|

251y — /OO Yko DM (R)2" 21 dr
(x+1)

n+3/2

ko 0 2
_ n (k—l—s k+7_5)

kzo (k +3)

L0 (5-9) 5 nk (T

e 2 k(zc)(s(”l) (s+k—1))

() @i oren)

- % St () x o) < ot ()

using (A.25)) and the symmetry f,(—x) = (—1)"f,(x) in the last step. O

4.7. Alternative approach to the f,-expansion of Z(t)

The results of the preceding sections make it possible to conceive of a parallel approach to the develop-
ment of the f,-expansion of Z(¢) that is distinct from the approach taken in Chapter [3] and relies entirely
on the elementary function A(r) rather than on its more sophisticated companion function w(x) (or even
the function 6(z) from which w(z) is derived).

The idea is to define A(r) directly using (4.5]), and then to use as the definition of the coefficients c,,.
Theorem and its proof remain valid. Propositions and also remain valid (note that, conveniently,
the first proof we gave for Proposition [4.9| does not rely on the connection between A(r) and w(zx)). We now
consider what happens when we formally take the Mellin transform of both sides of ; the result is the
relation

Q(Tl)s_1<s — (s =2)0(s = 1)¢(s — 1) = icn ' %(_i)nwismr (g) fa (21z <s - Z)) ’
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After substituting s + 1 in place of s, the left-hand side starts to resemble £(s), so, rearranging terms
judiciously, we see that

(5) = (s — a1 (3) ¢(s)

ZGE?QS 9”)'(2(2170 ste = 1T )
F(% s,_s/2 1 n —(s+1)/2
(F(S)Q />ch2 <+>/p(

B AR etk

-Seren (5 (-3))

with the cancellation in the last step following from the duplication formula . Setting s = % + it, we
again recover the f,-expansion —a satisfying result.

Note that the above approach, while it is rather intuitive and provides useful insight into the meaning
and significance of the f,,-expansion, nonetheless suffers from the drawback that using as the definition
of the coefficients ¢,, does not make the positivity property of the even-indexed coefficients evident, nor can
we see a way to understand their asymptotic behavior directly from this definition. For this reason, the
approach we originally took in Chapter [3] seems preferable as the initial basis for developing the theory of
the f,-expansion.

4.8. Centered versions of balanced functions

If f is a balanced function of weight «, denote

(1.21) Fty= f(l_t> (1t < 1).

(1+t)e” \1+¢
We refer to f as the centered version of f.
LEMMA 4.14. The centered version f of a balanced function of weight o is an even function.

PROOF. It is trivial to verify that the equation f (—t) = f (t) is algebraically equivalent to the functional

equation (4.21)). O

We remark that, in the context of the modular form (z), the notion of its centered version was studied
n [77)] (see also [93], Sec. 5.1] where a similar change of variables for modular forms was discussed).

One illustration of the relevance of the above definition is the following simple fact concerning the
centered version @(t) of w(x).

PROPOSITION 4.15. The coefficients ¢, can be alternatively expressed as

1
(4.22) Cn = 2/ O(uw)u™ du (n>0).
-1
ProOOF. This is a trivial reinterpretation of the defining formula (3.1)) for ¢,: simply make the change

of variables u = +1’ and check that we get precisely - |

See Section for further discussion of &(¢). The centered version () of v(x) also has an important
role to play in connection with both the f,-expansion and the g,-expansion of the Riemann xi function, as
we shall see in the next section and later in Chapter
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4.9. Properties of v(z) and B(r)

PROPOSITION 4.16. The function v(x) has the following properties:
(i) v(x) is positive and monotone decreasing.

(ii) v(0) = =.

(iii) v(x) has the asymptotic expansions

~ (2k + )7 "' B
(4.23) v(z) = Z (2k + )7;' W2 ok 4 O(x™t) as x — 0,
k=0 ’
“~ (2k + )7t t1B
(4.24) v(z) = Z (2k + )7;‘ 2RE2 p R =32 4 O (202 as x — 0o,
k=0 ’

PRrROOF. (i) is immediate from the definition of v(x). (ii) is a special case of (iii), but also follows more
directly from the definition of v(x), since for x = 0 we have

_ [Twl) PN 1 _T
v0) = [T SR du=g(-1) = 602) = 3217 TOKE) = 5.

To prove (iii), first, note that (4.23)) follows immediately from (4.24]) using the balancedness property
of v(x). Now, to prove (4.24) we use the technique of Mellin transform asymptotics, described, e.g., in [29]
Appendix B.7]. Let ¢(s) = %F(S)F(% — 5)&(2s — 1) denote the Mellin transform of v(z). From the Mellin
inversion formula we have

1 c+i00
v(x) —/ o(s)x™%ds,

2'/Tl —ioo

where ¢ is an arbitrary number in (0,3/2). We now shift the integration contour to the left to the line
Im(s) = —n — 3/2 and apply the residue theorem to calculate the change in the value of the integral
resulting from this contour shift. Note that the contour is unbounded, so one has to justify this use of the
residue theorem using a limiting argument involving the rate of decay of the integrand along vertical lines;
this is not hard to do using the standard facts that the xi and gamma functions both decay exponentially
fast along vertical lines (see [2] p. 21], [B8| p. 121]).

With this technicality out of the way, we see that the result of the contour shift is that for each pole of the
integrand o(s)x~*® that this contour shift skips over, the integral (including the factor of ﬁ in front) changes
by an amount equal to its residue. The poles being skipped over in this case are at s =0,—1,...,—n — 1,
and the residue for the pole at s = —k is equal to z* multiplied by

9 (1) 3 2(—1)k 2k +2)!
ﬁ(k!) F<k+2>§(2k1) (k!) '22’E+2(k+)1>!'§(2k+2)

_ (CD)FRk+2)!
~ 22k FLEI(k + 1)

—1)*(2k +2)! _
- MM 2k Dk + Dr IR

(2k + 1)mh+L
= Bk

—_

= (2k 4 2)(2k + 1)~ *FDEIC(2K + 2)

=N

(71)k(2ﬂ.)2k+2

B
202k +2)1 M2
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Thus, following the contour shift we get the alternative expression

1 —(n+3/2)+ioo n+1 (2k + 1) +1
v(z) = — p(s)x™%ds + 7B2k gk
(=) 270 J_(n43/2)—ioo () ,;J k! "
n+1 k41 —(n+3/2)+ic0
2k+1 .
=y BTt o (| i (s)|ds
k—0 k! —(n+3/2)—ic0

(2k + 1 k+1
- z R VT Bopyaa® +0(™H),

as claimed. O

The next result shows that o can be thought of as a generating function for the coefficient sequence
()5, providing another illustration of why v(x) and #(t) are interesting functions to study.

THEOREM 4.17 (The function (t) as a generating function for the sequence (¢,,)22). The centered
function D(t) has the power series expansion

(4.25) ot =3 \[ Z

Proor. Noting the Taylor expansion

i (3/2)nzn _ (1 _ z)—3/2’

n!
n=0

3/2

"eat™  (t] < 1).

we write

"= +1t)3/2” Gli) - (1+1t)3/2/0 (1 +w1(u2>3/2 du

1+t

oo ') 73/2
- - 32 g, = [ @) u—1
_/O w(u) (I —t+u+tu) du-/o (T 1372 <1+t 1 du

L (£ e () )

n=0

= i (_1)2& (/0“ (u i(if))sﬂ (Z i 1)” du) "= 2\1/5 i (_1)7:5!3/2)%"’5”’

n=0 n=0

as claimed. O

Note that the power series | also converges fort = 1 (as is immediately apparent from the asymptotic
rate of decay of the coefﬁcients CQn), and, by Proposition ii), its value there is given explicitly by

) 1 1-1 1 m
v(l) = (1+1)3/21/(1+1) = 2\/§V(0): T\/ﬁ

That is, we have the summation identity

o (3/2)2n ™
2 @n)l "6

n=0

Next, we mention another curious integral representation expressing v(x) in terms of A(r).

PROPOSITION 4.18. The function v(x) can be expressed in terms of A(r) as

v(z) = 471'/ A(r)rQe*”T2 dr.
0
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PRrROOF. As pointed out to us by Jim Pitman, this is a special case of a standard relation expressing the
generalized Stieltjes transform of a function in terms of its Laplace transform. In our notation, we have that

/ A(?")?"Qe_’””2 dr = / (/ w(t)e‘””2 dt) r2e= "y
0 0 0
:/ w(t) </ r2e=m(@tt)r® dr) dt
0 0

-0 (1)) 4~

Next, we turn to examining the function B(r). As it turns out, it can be evaluated explicitly in terms
of the digamma function.

O

PROPOSITION 4.19. The function B(r) is given explicitly by
(4.26) B(r) =1—2r¢/(r) — r*¢" (r),

where ¥(x) = 2/((5)) s the digamma function.

Combining this with Lemma we obtain the following result, which seems to be new (compare with
11l Sec. 5.3], [84] Sec. 9.12], [94] where some results with a similar flavor are discussed).

COROLLARY 4.20. The function 1 — 21’ (r) — 124" (r) is a Fourier self-transform, considered as a radial
function on R. That is, it satisfies the integral equation

F(p) = 2/0Oo F(r) cos(2mrp) dr (p>0).

FIRST PROOF OF PROPOSITION [L19. Denote 3(r) = 1—2r1’(r)—r?y”(r). The proof that B(r) = S(r)
is based on computing the Mellin transform of 8(r). If we succeed in showing that this Mellin transform is
defined for 0 < Re(s) < 2 and is equal to the function given in (4.16), the equality B(r) = B(r) will follow
from the standard uniqueness theorem for the Mellin transform.

We recall some useful facts about the digamma function and its derivatives [Il p. 260]. Start with the
well-known partial fraction decomposition

o= £ (k)

where v denotes the Euler-Mascheroni constant. Repeated differentiation gives the also-standard expansion

(4.27) P+ 1) = (=) (7~+TZ;W+1 (m>1).

The Taylor expansion of /(™) (1 + 1) around r = 0 is given by

o0

(4.28) P+ 1) = (=)™ E 4+ 1)k +2) - (k+m)C(k+m+DrF (m > 1),
k=0

and its asymptotic expansion as r — oo (with m > 1, N > 0 fixed) is

N
m met1 (k4+m—1)! B 1
(4.29) Y (1) = (=)t kZ:O o (r—l—ll;k""m_'_O(rN"‘m‘*‘l) (r — o0).

With this preparation, the Mellin transform of derivatives of 1)(r+ 1) can be evaluated through termwise
integration of the terms of (4.27)). After a short computation using (4.15)) and the reflection formula I'(z)['(1—
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z) = ﬁ, we get that

m(s—1)(s=2)---(s—m)
sin(ms)

(4.30) / Y (e 1) dr = — C(m+1-s) (0 < Re(s) <m)
0

for m > 1 (a variant of this formula is mentioned in [30l p. 659, eq. 6.473]; see also |28, p. 325, eq. (7)]). Note
that the strip of convergence for each of the individual Mellin transforms being summed is 0 < Re(s) < m+1,
and the requirement of absolute summability imposes the further restriction Re(s) < m (apparent in the
zeta~term ((m + 1 — s), which blows up as Re(s) approaches m from the left).

Building on the facts discussed above, we can approach the computation of the Mellin transform of 3(r).
First, note that, because of the standard identity ¢ (z + 1) = ¢(x) + L, B(r) can be rewritten as

Blr)y=1—=2r' (r+1) —r2" (r +1).

By (4.28)—(4.29), the asymptotic behavior of 3(r) for r near 0 and co is given by
2

(4.31) Blr)y=1-— %r +O0(r?)  asr—0,
(4.32) B(r) = 62 +0(r ) as r — oo.

This implies that the Mellin transform of §(r) is defined for 0 < Re(s) < 2. Also of some interest is the
function B(r) — 1 and its own Mellin transform. Again by (4.31))—(4.32)), it follows that the Mellin transform
of f(r) — 1 is defined for —1 < Re(s) < 0. Using (4.30), it is readily evaluated for such s to be

(433) /000(6(7“) - 1)7~S—1 dr = /0Oo (—Qw/(r + 1)7“5 _ ’(/JH(’I" + 1)TS+1) dr
B WC“ =) (<1 < Re(s) < 0).

4

Now, this isn’t exactly what we want, both because of the irksome “—1” term in the integrand and because
the range of validity of the formula is disjoint from the range 0 < Re(s) < 2 we are interested in. We
can nonetheless exploit this identity to get what we need through a trick involving analytic continuation.
Namely, for s satisfying 0 < Re(s) < 2, we can try to evaluate the Mellin transform of 8(r) by performing
an integration by parts, which gives that (under the stated assumptions on s)

oo 1 r=o00 1 o0 1 o0
| st = Soer| =5 [ aeettar = <2 [ gt ar < w)

Moreover, examining the asymptotic behavior of 8'(r) near r = 0 and r = oo (which, the reader can confirm

using (4.28)—(4.29)), is simply that obtained by differentiating the terms in (4.31)—(4.32)) termwise, including

the big-O term), we see that the Mellin transform of §’(r) converges (and is an analytic function) in the
strip 0 < Re(s) < 3, which implies that K(s) is an analytic function in the strip —1 < Re(s) < 2. But for
s satisfying —1 < Re(s) < 0, performing a similar integration by parts as the one above starting with the

integral in (4.33) gives
[0 -r=tar= om0 -1 T e - et
1 (> d

_ LA r) — 1)t r:—l h "(r)rthdr = K (s
== [ g —netar = =2 [t = K (o),

S

the same analytic function evaluated on a different part of its domain of definition. Since K(s) is analytic
and given by the formula found in (4.33) for —1 < Re(s) < 0, by the principle of analytic continuation it is
also equal to the same expression for 0 < Re(s) < 2. That is, we have shown that
o _ ws(s—1)

4.34 Tl = ———2((1— 0 < Re(s) < 2).

(134 | s tae =i -0 0 <Re(s) <2

Finally, using the functional equation of the Riemann zeta function it is easy to check that the function on
the right-hand side of (4.34)) is equal to the one on the right-hand side of (4.16)). This shows that the Mellin
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transforms of f(r) and B(r) coincide (in their “natural” region of definition where the Mellin transform of
both converges), and finishes the proof. |

SECOND PROOF OF PROPOSITION [£.19] A second method is to use Mellin inversion to represent B(r)
in terms of its Mellin transform found in (4.16]), namely as

1 fetiee (2m)t-s
B0) =g [ g sls — DE s,
where ¢ is an arbitrary number in (0,2). Fix an integer n > 1, and shift the integration contour to the left
to the line Im(s) = —n — 1/2. As in the proof of Proposition we can use the residue theorem (with
the same arguments to justify its application in this setting involving unbounded contours) to calculate the
change in the value of the integral by looking at the poles of the integrand being skipped over and their
residues. The relevant poles in this case are at s = 0,—1,..., —n. We leave to the reader to verify that the
residue at s = 0 is equal to 1, and that for any k > 1, the pole at —k has residue (—1)*k(k + 1)¢(k + 1)r*
We therefore get that

1
=1+ k+1§(k+1)rk+f./ PP,
Z 270 ) (n41/2)—ico 25i0(75/2)
Assume that 0 < r < 1. In this case it can be shown without much difficulty that the integral converges to
0 as n — oo (this becomes easier to do if one first replaces the Mellin transform of B(r) in the integrand by
the simpler expression on the right-hand side of (4.34)), which as we commented above in fact represents the
same function). The conclusion is that B(r) is represented for 0 < r < 1 by a convergent Taylor series

(n+1/2)+i0c0 —s
' (2m)! s(s = DI(s)C(s)r* ds.

_1+Z Fh(k + 1)C(k + 1)r®

But this is consistent with (and implies) 4.26: using , one can check easily that the function 5(r) =
1—2r'(r+1) —r2¢” (r + 1) has the same Taylor expansion. This proves (4.26)) for 0 < r < 1, and the claim
follows for general r by analytic continuation. |



CHAPTER 5
Expansion of =(¢) in the polynomials g,

In this chapter we continue to build on the tools developed in Chapters [3] and [4] in order to derive an
infinite series expansion for the Riemann xi function in yet another family of orthogonal polynomials, the
family (g, ()52, and study its properties. As we discussed briefly in the Introduction, the polynomials g,
are defined by

Hk\w

333 3 33
gn(x)=pn(:c' Vi 4,4>=z‘"(n+1) 355 (—n,n+2 1T 2;1),

where p,,(z; a,b, ¢, d) denotes the continuous Hahn polynomial with parameters a, b, ¢, d. They form a family

of orthogonal polynomials with respect to the weight function |F (% + zx) |4 on R. Their main properties are
summarized in Section [A.5

5.1. Main results

As in Chapters [2| and |3} we start by defining a sequence of numbers (d,,)22, that will play the role of
the coefficients associated with the new expansion. Define

(32 [ w(@) (z-1\" n 3n 5 fz—1)°
(5-1) W= Jy wrnp\ert) P\t Ty tE ) )

As a first step towards demistifying this somewhat obscure definition, we expand the oF; term in an
infinite series. Momentarily ignoring issues of convergence, we have that

B2 (2 w@ (-1 [ S Gt DG, (21
(52) d"_2”*3/2n!/ (x+1)3/2(rc+1) [Z m!(n+2)m4 (x+1) o

m=0
_ 62 i NCES Wy REINFEE
o 2nmd2p) L~ ml(n + 2), o (z+1)32\z+1
2mnl = ml(n+2)m, e 2n = Amml(n 4+ m+ 1)! s

where in the last step we use the relation (% + %)m (% + g)m = (232‘/“12()% In addition to being an interesting
way to express d,, in terms of the coefficients ci, this suggests a relatively simple way to see that the integral

(5.1) converges absolutely (which would also justify the above formal computation); namely, letting

x—11]"
z+1

/ w(z)

Cn :/0 (z + 1)3/2

46

dx,
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we have the simple relations ¢ > ¢, ¢5. = car, and therefore (using (3.6), or some easy corollary of
Lemma D get that ¢/, < Ke=MV7 for all 7 > 0 and some constants K, M > 0. This then gives that

<l w(x) r—1\" n 3 n 5 fr—1 2
(5:3) /0 @+ 1) (a:—i—l) = <2+4’2+4’n+2’(m+1>>
= (349, (4 Dy [|_ue) (z-1)"
S N CEEI /0 @+ 1)3° (x—i—l)
- - (%Jr%)m (ng%)m / _ (n+1)! (3/2)n 2m ’
=2, it 2, T 37), Z4mm!(n+jn+1)lcn+2m

dx

dzx

m=0
o gt i (3/2)ntam —mmvEm
=7 (3/2)n 4mml(n +m+1)!

(n+1)! (2)ns2m [ pp—
<2K noam
= 3/2), mz::() 22m Iml(n +m + 1)1

m=0

— 9K n+2m
(3/2)n mz::O22m+1 m e

+ 1) oy
S 2n+1K(n e M+/n+2m < 0,
(3/2)n 2

establishing the absolute convergence.
We summarize the above observations as a proposition.

m=0

PROPOSITION 5.1. (i) The integral defining d,, converges absolutely for all n > 0.
(i) We have dap1 =0 for alln > 0.

(ii) We have day, > 0 for allm > 0.

(iv) d,, can be expressed alternatively in terms of the coefficients ¢y, as

(5.4) gy = "TLSS 3/ Durom
’ " m = 4mmln+m+1)

|Cn+2m~

We are ready to formulate the main results concerning the expansion of Z(¢) in the polynomials g,,
which are precise analogues of Theorem [2.I] and 2.7 in Chapter [2] and Theorem [3.1] and [3:2] in Chapter [3]

THEOREM 5.2 (Infinite series expansion for Z(t) in the polynomials g,). The Riemann i function has
the infinite series representation

5.5 2= 3 (1) dangn (5

n=0

which converges uniformly on compacts for all t € C. More precisely, for any compact set K C C there exist
constants C1,Cy > 0 depending on K such that

2(t) — ZN:(—l)"d%g?” (é)

n=0

(5.6) < Cre= N

holds for all N >0 and t € K.

THEOREM 5.3 (Asymptotic formula for the coefficients ds,,). The asymptotic behavior of day for large
n is given by

(5.7) don = (140 (n71/10)) Dot/ exp (~ /)
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as n — 0o, where D, E are constants given by
128 x 21/372/3¢=2m/3
= 7 ,
As in Chapters [2| and [3] we note the fact that the coefficients d,, can be computed as inner products in
the L2-space L*(R, |T' (3 + %) |4).

(5.8) E = 3(4m)'/3.

COROLLARY 5.4. The coefficients d,, can be alternatively expressed as
4

8 e t 3 it
5.9 dp, = —(=1)" =t)gn | = )T [ -+ = dt.
(5.9 S [ zon (5) [ (3+5)
PROOF. Repeat the arguments in the proofs of Corollaries and O

5.2. Proof of Theorem [5.2]

The next two lemmas are analogues of Lemmas and in Chapter [2] and Lemmas and in
Chapter

LEMMA 5.5. The polynomials g,(z) satisfy the bound
(5.10) lgn (@) < Cre®>m”

for all n > 0, uniformly as x ranges over any compact set K C C, with C1,Cy > 0 being constants that
depend on K but not on n.

PROOF. This is identical to the proof of Lemma [3.4] except that the use of the recurrence relation
(A.27) is replaced by the analogous relation (A.38) for the sequence g, (z), with the result that some small
modifications need to be made to the constants in the proof. We leave the details as an exercise. O

LEMMA 5.6. There exist constants Jy,Jo > 0 such that for all n > 0, the bound
o x—1\" n 3n 5 z—1\°
F _ o . 2. -
(a:—|—1> 2 (2 Tratynt ’<x+1> )
holds.

PRrOOF. Note that this is a stronger version of the finiteness bound ([5.3]) that makes explicit the depen-
dence of the bound on n. To prove it, we refer back to the penultimate line of (5.3) and proceed from there

a bit more economically than before. Multiplying by 2% and using the trivial fact that 227-21))' < 2n, we get

that the integral in (5.11)) (together with the leading factor of 3-) is bounded from above by

4Kn22n+2m+1( )e
m=0

1 w(z)
on 0 (x+1)3/2

/3

(511) dr S Jle—J2n2

m
— AKn Z 1 n+2m+1 efM\/n+2m + Z efM\/n+2m
- on+2m+1 m
ms 8Ml2/3 nd/8 m> 81\412/3 ni/s

(with the same constants K, M appearing in (5.3))). We will show that each of the two sums in this last
expression satisfies a bound of the sort we need. For the second sum, observe that it is bounded by the

integral
o0

efM\/nJrZz dl‘,

n4/3-1

1
8M2/3

and this integral is O (exp (—#nz/?’)), by the relation

e P 1 oY)
/ eiM n+2e = W(Mm + 1)€7M n+2A.
A
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To estimate the first sum, we claim that the terms in that sum are increasing as a function of m for all large
enough (but fixed) n; this would imply that the sum is bounded for large n by W%/:sn‘k/ 3 times the last
term, which in turn is at most O (exp (_@/3”2/ 3) ), and hence, when combined with the estimates above,

would imply the claim of the lemma.
To prove the claim, observe that the ratio of successive terms in the sum is

(5.12) gt (T e MY (g 2m 4 2)(n + 2m 4 3) M (VAT Tm— /T F2)
. W (n+27::1+1)67M\/n+2m 4(m + 1)(71 +m+ 2)

(m—&—%)Q M
= (m+1)(m+n+2) b m+ 2

e (V)

Our claim is equivalent to the statement that, under the assumption m < ¢ Ml,z 73 n*/3, the last expression in
(5.12) is > 1. Equivalently, we need to show that the inequality

2

(5.13) joa-dmonz2 M
| (m+3)” — VmE

holds for those values of m. This reduces after some further simple algebra to verifying the inequality

n 1 n? 2/3
(5.14) m+2M2/3< 3m—n—2) .
To check this, assume that n is large enough so that the inequalities
2
4/3 oo 1 s
(5.15) 3<8M2/3>n +n+4+2< g 2§8M2/3n

are satisfied. Then, together with our assumption on m, that also implies that

2 2
% < % —3m—n-—2,
and therefore also that
2/3 2 2/3
n I I R Sy S T £ 1 (n?
mryEsaest taest Tapst Taes\s) Saes\a )

This verifies ((5.14)), hence also ([5.13), for all n satisfying (5.15|) (which clearly includes all values of n larger
than some fixed Np), and therefore finishes the proof of the claim and also of the lemma. O

We need one final bit of preparation before proving Theorem[5.2} Recall that in the proof of Theorem
a key idea was the observation that the integration kernel 2°/2~! can be related to the generating function
of the polynomials f,(¢/2). The next lemma shows a way of representing the same generating function as
an infinite series involving the polynomials g, (t/2).

LEMMA 5.7. For w € C and |z| < 1, we have the identity

> nﬁ°°(3/2)n n 3n 5 A
T;fn(w)z *Z Sl gn(w) 2 Fy §+Z,§+Z,n+2,72 2"

n=0

PROOF. Using the relation (A.44) expressing the polynomial f,, in terms of the gi’s, we can write

o0 [n/2]
(5.16) > folw)z Z Qn?’ﬁ)ll Z ™ (n — 2m +1)<”;1>gn2m(w) .
n=0
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The claim will follow by suitably rearranging the terms in this double summation. First, let us check that
this is permitted by showing that the sum is in fact absolutely convergent. Indeed, using Lemma to
bound |gpn—2m (w)| (with w being fixed and the resulting constants C7, Co depending on w but not on n,m),
we see that

oo [n/2]
_(3/2)n n+1
~1)™(n—2m + 1 n_om(w)] - |2]™
I I e R LRl Gy RS
= 3/2 > 1/3
< Z > (n n+41)2" T x ¢y eCan'/? Cl2m =204 Z(n+ 1)e®™ 72" < oo
n=0

With absolute convergence established, we can rewrite the double sum in (5.16)), introducing a new summa-
tion index k = n — 2m in place of the index n, as

Z Z 3/2 k+2m ( )m(k-i- 1) (k‘—‘rzrrzl—‘r 1)gk(w)zk+2m

2k+2m(k + 2m + 1)!

k=0 m=0
- (B3/2) e[~ (52" (3/2kram (K +1)!
*];) ok Ik(w)2 mzzo ml (3/2)r22™ (k+m +1)!
2 okE! = ml(k +2)m
= (3/2)k k E 3k 5 5
kzzo g (W B {5+ g+ k% =2T ),
as was the claim to prove. O

We are ready to prove (5.6). The calculation parallels that in the proofs of Theorems and
Namely, start by estimating in a fairly simple-minded way that

N
t
=(4)— _1)2n el : i e
o s 3/2 1 x—1\"
4 2
/0 w( ( Z on—3/2p| ($+1)3/2 ($+1>
2
n 3 n b5 z—1 t
Bl-+--+—; 2; wl =] | d
2 1<2+4’2+4’”+ ’<x+1> )9 (2)) v
2” 3/271‘ r+1)3/2 \z+1
2
n 3 n 5 z—1 t
n(Z pT o (2
2 1<2+4’2+4%L <x+1> )9 (2)
By (3.12)) and Lemma (with z = i(z — 1)/(x + 1)), the kernel =% can be expanded as

o'} n 2
I o (3/2)n 1 x—1 P 3n 5 ). x—1 t
xT1t2 Zz o321 (w + 12 \ o + 1 21 2+4,2+47n+ i " gn {3 )

(5.17)
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Continuing the chain of inequalities ((5.17)), we therefore get that

N

(t) - Z(_1)2nd2n92n

n=0
= (32 [z—1\" n 3n 5 z—1\? t
> i s \zr1) P\ et patpntalsiy) |9\

[1]

< wx
<, w3

* w@) — (3/2)n
v (3/2)n t * w(z)

Appealing to (5.10) (with a fixed compact set K on which we are allowing ¢ to range) and finally to (5.11]),
we see that this last expression is bounded by

—_

x—1|"

z+1

x—1"

rz+1

n

o (3/2)n c 1/3/OO w(z) |z-1 n 3n 5 r—1\2
7016 . 2F1 7+777+77n+27 dzx
n:;v:ﬁ”*?’/"’”’ o (@12 |z+1 242 4 z+1
- (3/2)71 nl/3 — Jon2/3 _J2,2/3
< D GG x nen T = 0(e )
n=2N+1
as n — oo; this gives (5.6) and finishes the proof. a

5.3. Asymptotic analysis of the coefficients ds,

In this section we prove Theorem We will give two independent proofs of this result, one relying on
the representation (5.4) of the coefficients ds, in terms of the coefficients cor—whose asymptotic behavior
we already analyzed—and another relying on a separate representation of ds, as a double integral, which

seems of independent interest.

FIRST PROOF OF THEOREM [B.3l Our starting point is the formula (5.4). We start by rewriting this
relation in a form that’s slightly more convenient for asymptotics, namely as

2+ 1 (3/2)2n+2m
d n — n+2m
2 22n mE::o 22mml(2n +m + 1)!C2 2
_2n+1§: (4n + 4m + 2)! .
T2 L IO E Il (2n £ m o+ 1)!(2n + 2m 4 1)L
1 =1 (4k + 2)!
=-2n+1)Y —
52+ )k;zﬁk (k—n)l(k+n+ D12k + 1)1

substituting k¥ = n + m in the last step. Making use of (3.6]), we get that

doy, = (1 +0 (n_l/m)) 128v/2713/%n i ks (4k)! e_4m
k=n

k+n 260k —n)l(k+ n)l(2k)!

k321 [4k 1 2k
_ —1/10 3/2 —4aV7k
_(1+0(n / ))128\/§7r/nkz_:k+n-24k<2k)><22k<k_n>e :

where for convenience the terms have been simplified slightly by making use of trivial approximations
such as 4k +2 = (1 + O(n~1))4k, etc.; the errors in these approximations are absorbed into the lead-
ing (14 O (n~'/19)) factor. By Stirling’s approximation, the binomial coefficients in the summand have
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asymptotic behavior

2;(%) (140 (n ) —= (k > n,n — o),

() (o)) s

E— —(k n) —(k+n)
X (( k”) <k—|k—n) (k> n,n — 00),

Here, the error term (1 +O(k — n)_l) is slightly bothersome as it makes it necessary to separately bound
the summands for values of k near n, but this is easy enough to do: observe that if n < k < 2n then
k —n < k/2, and in this case we have for some constant C' > 0 independent of n that

()< () <o

using Stirling’s formula or a well-known bound such as [, p. 113, Eq. (4.7.1)]. Thus, combining the latest
estimates we obtain the expression

(5.18)  dop = (1 +0 (n*l/m)) 128v/7n

ad k3/2 E—n\ " ®™ /g +n ~(k+n) s "

}: EEET )U2<< - ) <k) Y™ 1 0((0.9)%")
=2n

= (140 (n1/)) 128V Z kit n)sl/fzz )1z P (nw%" (nf/?’» ’

where we denote

—(n*3t —n)log 17_—1/ (n*/3t +n)log (1 + 2 1/
bult) = ( LB )

We are now in a position to apply what is essentially a variant of Laplace’s method in the setting of a discrete
sum. The following claims about the functions ¢, (t) are clearly relevant.

LEMMA 5.8. (i) The inequality
1
(5.19) on(t) S F(t)i=—5 = 4/t

holds for alln > 1 and t > on—1/3,
(i) We have the asymptotic relation

(5.20) on(t) = F(t) — n"23 40 ( 41/3> as n — 0o <with 1—10 <t< 10) ,

where the constant implicit in the big-O is independent of n and t, subject to the specified constraint.

PRrROOF. Consider the function of a real variable 0 < x < 1 given by

pla) = — (; - 1) log(1 — z) — (i + 1) log(1 + ).

It is easy to verify that p(z) has the Taylor expansion
3 5 7 9 —1

xr xr xr T
M) == T T IxT 5x9 _Z 2m—1

In particular, p(z) < —z for all 0 < 2 < 1. Substituting = = 1/(n'/3t) gives the first claim of the lemma, and
the second claim is obtained from the same substitution applied to the fact that p(z) = —z — %m?’ +O(2°)
for 0 <z <1/2. O
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Some additional easy facts to note are that the function F(¢) has a unique global maximum at ¢t = «aq :=
(47)~1/3; that F(t) is increasing on (0, o) and decreasing on (g, o0); that F(ag) = —F (where E is defined
in (5.8)), and that F"'(ag) = —67. In particular, we have the Taylor expansion
1
(5.21) F(t)=—E —3m(t — ag)®* + O (|t — ao|?) (10 <t< 10) :

Now, split up the sum in (5.18]) (without the leading numerical constant) into four parts, representing
it as SOV + S + 8% + S where

(1) k3/2 2/3 k
8= s e T (0 (55) )

k:2n<k<agnt/3—nl9/18

SE = > il exp (nQ/ Sn (k>> :
k:|k—aoni/3|<nl9/18 (k + ’I’L)3/2(k‘ - ’I’L)l/Q nt/3
k3/2 k
3) _ 2/3
e 2 = GRAC )

k:agnd/34n19/18 < <2n4/3

() ko2 2/3 k
8= a7 () )

k:k>2n4/3

Of these four sums, it is S,(f) that makes the asymptotically most significant contribution. Making use of
(5.20) and (5.21]), we can estimate it for large n as

]€3/2 k n10/3
2) __ 2/3 —4/3
S = 2 (k + n)32(k —n)1/2 P [”/ <F <n4/3>_ 6k +O<” /)ﬂ

|k—agna/3|<n19/18

3/2
= (1 +0 (n—2/3)) Z (k+ n)?’];;(k —n)1/2

|[k—aoni/3|<n19/18

X exp {nw?’F (n‘iﬂ/3> — éaa?’ (1 +0 <n5/18>>}
B o k3/2 k
(1 +0 (n 5/18)) o—27/3 3 E TR i P <n2/3F <n4/3>)

|k70¢0n4/3|§n19/18

(1 + O (nif’/lg)) e 2m/3 (ozon4/3> e

2
X Z exp (—En2/3 — 3mn?/3 (f/g — ao) +0 (n_1/6)>
n

|[k—aoni/3|<n19/18

-1/6 _En?/3_2x/3 _—1/2 _9/3 k — aont/3 2
— (1 + 0 (n )) e @ n Z exp [ =3 (n) .

|[k—aont/3|<n19/18

The sum in this last expression can be regarded in the usual way as a Riemann sum for a Gaussian integral;
specifically, it is asymptotically equal to

(140 (n ) n/_n/ eI du = (140 (")) n (\}5 0 (e_"1/9)> —(r0( )

as n — oo (again making use of (2.39) to justify the first transition). Thus, we have obtained the relation

nl/lS

—-1/2
2) _ —1/6)) %o 1/3_—En?/3—27/3
Sy (1+O(n )) 3 n'"e (n — o0).
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Next, we bound the sum .5'7(11) to show that its contribution is negligible compared to that of S,(LQ). The
polynomial-order factor appearing in front of the exponential term in the sum is bounded from above by 1.
Thus, by (5.19) and the fact that F'(¢) is increasing on (0, ap) we have that, as n — oo,

S )

2n<k<agni/3—nl9/18
E k
< exp n2/3F -
nA/3
2n<k<agni/3—nl9/18

< a0n4/3 exp (n2/3F (ao — nfs/ls))

< agn/3 exp (—En2/3 3210 (n—l/ﬁ)) —0 (efEn2/37n1/9> .

The third sum S,(Lg) can be bounded in a completely analogous fashion, resulting (the reader can easily check)
in the same bound

O G P

Finally, to bound S\, we use the fact that F(t) < —4+/mt to write

10 k 10
0< S,(f) < Z mexp (n2/3F <n4/3>) < Z Wexp (—4@)

k>2nt/3 k>2n4/3

o 1
< 10/ e~V dy = —0 (4\/ 2mn?/3® + 1) exp (—4\/ 27m2/3) =0 (e*E"Z/S*"UQ) .
2n4/3 8T
Combining the above estimates for S&l), 5’7(12), 57(13) and 57(14), we have finally from ([5.18)) that
04_1/2 2/3
doy, = (1 +0 (n*1/10)> (128+/7n) Oﬁnl/?’e*E” —2m/3 as n — 0o,

which, after a trivial reshuffling of the terms, is exactly (5.7)). ([

SECOND METHOD FOR PROVING THEOREM [5.3]l We give most of the details of a second proof of Theo-
rem except for the rate of convergence result, which we weaken to a less explicit 1 4 o(1) multiplicative
error term. This seems of independent interest as it highlights yet another way of approaching the study
of the coefficients ds,,. This proof requires some calculations that would be tedious to perform by hand,
but are easily done using a computer algebra system (we used Mathematica). We omit the details of these
calculations and a few other details needed to make the proof watertight, which may be filled in by an
enthusiastic reader.

We start by deriving a new representation of ds,, suitable for asymptotic analysis. Start with the formula
for dyy, in a slightly modified form

(3/2)2n /°° wlx) [(z-1\" 3 5 z—1\?
d n — - F R 772 27 d
2 22-5/22p)1 |, (@ +1)32 \z+1 2141 n+4 n+4 n+ T i1 T

in which the integration is performed on (1,00) (this follows from (5.1)) by the same symmetry under the
change of variables u = 1/ as in (3.2)), a consequence of the functional equation (1.9))). Now use Euler’s
integral representation

o . F(C) ! —1 c—b—1 1
2F1(a,b,c,z)—m/o th=H (1 — )P mdt
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for the Gauss hypergeometric function (see [2, p. 65]) to represent the o F; term inside the integral. This
gives

(3/2)2n T'(2n +2)
92n=5/2(200) T(n + 3/4)T(n + 5/4)

—(n+3/4)
> b w(x) z—1\>" 41 z—1\°

n /4 1— n71/4 1— t .

x/l A (z + 1)3/2 <x+1) ) <x+1> t dtdv

As the reader can check, the constant in front of the integral simplifies to

d2n =

(2n +1)(3/2)2n
220=5/20(n + 3/4)T'(n + 5/4)

16
2 1
= Z(n+1),

Thus, after some further trivial algebraic manipulations we arrive at the representation

622 =T [ [ (5 it>1/4 (i) e

Recalling (2.7), we see that it makes sense to write

16
(5.23) don = ?(211 + 1)(Ry + pn)s

where we define the quantities R,,, i, by

(5.24) R, = / A Qﬂx(x_?))l)2)3/4 <1 _ t) ( xt_(:; 2l 1)1)2>" dt dz,
. 1/4 n
(5.25) / / - +*1 ”_225 - 53‘;)3/4 (1 t t) ((mtill t)_(ﬁ(x 1)1) > dt dz.

It will be enough to obtain the asymptotic behavior of R, as n — oo, and separately to show that pu,, is
asymptotically negligible compared to R,,.
Part 1: deriving asymptotics for R,. Define functions

rx(2rx — 3) t o\

ho(t, ) = Zlog( t(l—t)(z — 1)21)2> = Mlog (( t(1—t)(z — 1)21)2) .

(x+1)2—t(x — z+1)2—t(x—

where for convenience throughout the proof we denote M = 2. Then R,, can be rewritten in the form

(5.26) R, = /100/0 g(t,x) exp (why,(t,x)) dt dz.

This form is suitable for applying a two-dimensional version of Laplace’s method. The method consists
of identifying the global minimum point of h,(-,-) and analyzing the second-order Taylor expansion of h,
around the minimum point. We will need the partial derivatives of h,(:,-) up to second order, which after
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some calculation are found to be

(5.27) Ohy _ 4M(@+1) — (@ = D((+ 1) — e = 1))

Ox (z—=1D((z+1)2—t(zx—-1)?)
(5.28) %:_M.(Qt—l)(m 1)2 —tQ(x—l)Q’
ot t(1—t)((x+1)2 —t(x — 1)2
(529 o = - I i s s,
(5.30) 9?h,, _ _8M x(r+1)% — t(m -3z + 2) 7
Ox? (x —1)2((z+1)2 —t(z —1)?)
(5.31) O hn it

gz - MGre i@

To find the minimum point, we solve the equations agt" = %L{l = 0. By (5.27)—(5.28)), this gives the system
of two equations

(5.32) AM(z+1) — (2 — D)((x +1)* — t(z — 1)?) = 0,
(5.33) (2t — 1) (z + 1) —t*(z —1)* = 0.

Solving (5.32) (a linear equation in t) for ¢ gives the relation
(x+1)(z% —4M — 1)

5.34 t=
Substituting this value back into ([5.33)) gives the equation
4(z +1)?

W(z(az —1)? —4M?*) =0.

That is, = has to satisfy the cubic equation
z(z —1)2 —4M? = 0.
For M > 1, one can check that the cubic has a single real solution, given by

((54M2 —14 GM\/W)U3 + 1)
(5.35) = .

/3
3 (54M2 — 1+ 6M\/3(27M? — 1))

The corresponding ¢ value is given by (5.34), which, for  given by ([5.35)), can be brought to the slightly
simpler form

1
b= [(2M — 1)2® + (—2M? + D)z + 2M*(M - 2)] .
Summarizing the above remarks, define quantities
(5.36) an = 54M? — 1+ 6M+/3(27TM?2 — 1),
ok L/3 1)
(5.37) En = W,
1
(5.38) ™= 51 ((2M — 1)&2 + (—2M?* + 1), + 2M>*(M —2)) .
Then (7,,&,) is the unique solution of the equations
Ohy, Ohy, _
%(Tnvgn) - Oa 6t (Tn7§n) - 0
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Using these formulas one can now also find the asymptotic behavior of £, and 7, as M — oo, which is given
by

T’n,:1_22/3M_1/3+24/3M_2/3_gM_1+O(M_4/3)7

2

_92/3342/3 L 4 L
S = 2MT A S s
In particular, note that for large M (that is, for large n) we have &, > 1, 0 < 7,, < 1. That is, the point

(&n, ™) lies in the (interior of) the region of integration in the expression (5.26) for R,,.
Next, having found the values (7,,,&,), we want to understand the values h,(7,,&,), %(Tn,ﬁn),

2 2
6852" (Tns&n), %(Tn, &n). These are somewhat complicated numbers, but can be brought to simpler forms
by taking the relevant rational functions in 7,,&,, expressing them as rational functions of £, only using
(5.34), and then performing polynomial reduction modulo the polynomial &, (&, — 1)2 — 4M? (the cubic
polynomial of which &, is a root). Using Mathematica to perform the reduction, we arrived at the following
simplified formulas:

Tn(1 = 70)(n — 1)°
(gn + 1)2 - Tn(fn - 1)2

M—2/3 + O(M_4/3).

= 175 (@M = D&+ (=2M° + )&, + MA(M — 4)] = 27, — 1,
&) = blog (0P ) e e, atog(zr, — 1) - 6,
a;;" (T, &n) = —m [(M? +3)€2 +2(2M? — 1)€, + (8M°® — 9M? + 8M — 1)]
6629?; (n:n) = _m ((2M? + 3)&2 — 3¢, — AM(M? + M + 1)),
d*hy, 1

Finally, the Hessian

92h,, 92h,, 92h,, 2
An = 8t2 (Tn,fn)w(ﬂ“fn) - <8t8$ (Tn7£7b))

A — (24M3—17TM?+24M —1)€2 +2(6M* —16 M3 +31M>—16 M +1)+ (56 M*+8M> —9M>+8M —1)
n = 16MZ(M2+1) :

can be found to be expressible by the (still ungainly) formula

From these expressions and (5.37)), we derive some additional useful asymptotic expansions:

0?h,, _ 7
(5.39) W(Tnaﬁn) = 213N oM 1),
(5.40) A, = %Mwi’) + O(Mfl/s),
1 922/3 _ 24/3 B 10 B B
(5.41) == aM s =M 28 4 Wkl oMYy,
(5.42) b (T, &) = —3 % 22/3 )\ p2/3 _ 2 1 M~2/3 4 O(M*4/3).

3 15 x22/3
One additional quantity we need to understand is

7€, (2mE, — 3) Tn 1/4
§n+1)2_7'n(§n—1)2)3/4 (1_Tn) '

(543) g(Tnvfn) - ((

This can be written as
g(Tna fn) = an(Qﬂfn - 3)X711/4Y7?/4
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where we define
Tn _ 1

= — Yn .
I (€n +1)2 = 7(&n — 1)2
Some more algebraic simplification then shows that

Xn

1
8M(M2 +1)

Using these relations, we then get the asymptotic expansion

e _ 2 2
Xn—m(ﬁn 1), Y, = (=&, + 38, +2(M=° - 1)).

1
g(Tnafn) = 22/37'1'2]\42/3 — 6”(9 - 7T) + O(M72/3).

Now note that and imply that (for large n) the Hessian matrix of h,, at (7,,,&,) is negative-
definite. Thus, (7,,,&,) is indeed a local maximum point of h,,. We leave to the reader to check that it is in
fact a global maximum.

Now recall that the two-dimensional version of Laplace’s method gives the asymptotic formula

\/%Q(Tna &n) exp (Thn (T, &n))

for the integral on the right-hand side of . This arises by making a suitable change of variables in the
integral to center it around the point (,,7,) and introduce scaling that turns the integral to an approximate
Gaussian integral—see [92], Ch. VIII] for details; we omit the derivation of bounds needed to rigorously justify
the approximation. Substituting the asymptotic values found in f therefore gives that

(1+0(1))

22/3 2
5.44 Ry = (1+0(1)2x [ Z—M~3) 22352023 oxp [ -3 x 2237 Mm2/3 — 2L
V3 3

22/3 1
= (1+o(1)) (2 X Wﬂl/?’ X 22/37T22/36_27T/3> nt/3 exp (—3 X 22/37r1/3n2/3)
T
4 x 21/3

= (1+0(1)) (\/§W5/3e—2w/3> n/3 exp (—3(47r)1/3n2/3) _

Part 2: bounding p,,. The next step is to prove that the contribution of u,, is asymptotically negligible
relative to R,,. This relies as usual on (2.7). We sketch the argument but leave the details to the interested
reader to develop. Observe that by (2.7)), u, satisfies a bound of the form

00 1 00 1
lpn] < C/l /0 g(t, z) exp (why,(t,x) — 2wz) dtde = C/l /0 g(t, z) exp (wk,(t,z)) dt dz,

for some constant C' > 0, where we denote k,(t,z) = h,(t,z) — 2z. But now k,(t,x) can be analyzed in
a similar fashion to our analysis of h,(t,z) above. In particular, it can be shown that for n large enough,
kn(t, ) has a unique global maximum point (¢,,z,) € (0,1) x (1,00), and that the maximum value

K* = ky(tn, o)

n
behaves asymptotically as
Kz:cdww3+o(kﬂm)
for some constant ¢, where, significantly, cg < —3 x 22/3 (the leading constant in the analogous asymptotic
expression (5.42) for the maximum value of h,(¢,z)). By deriving some auxiliary technical bounds for the

decay of h,(t,x) away from its maximum point and near the boundaries of the integration region, one can
then show that for any € > 0, u, satisfies a bound of the form

|| = O (exp (771/3((:0 + 6)n2/3)) .

Taking € < 3 x 22/3 — ¢, then gives a rate of growth that is smaller than the exponential rate of growth of
R,,, establishing that u, < R,.
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Putting everything together. Combining the above discussion regarding p,, with (5.23) and (5.44]),
we find that

1 4 x 2/3
don, = (1+0(1)) <6(2n + 1)) X <X\/§7T5/3e—27r/3> n'/3 exp (—3(47r)1/3n2/3) ,
™

1/3
= (1+o0(1)) <128\>;§27r2/3e—2w/3> n/3 exp (_3(477)1/3712/3) ’

which is the same (except for the weaker rate of convergence estimate) as (5.7)).

5.4. Connection to the function 7(¢) and the Chebyshev polynomials of the second kind

We now prove yet another formula for d,,, tying it in a surprising way to the function 7(t) (discussed in
Section [4.9) and its expansion in yet another family of orthogonal polynomials, the Chebyshev polynomials
of the second kind. The properties of these very classical polynomials, denoted U, (t), are summarized in

Section [A 1l

PROPOSITION 5.9. The coefficients d,, can be alternatively expressed as
WAV2
(5.45) dy, =(-1)"— v(t)U,(t)V 1 —t2 dt.
T J-1

PROOF. By the identity (4.25) expressing o(t) as a power series with coefficients related to ¢,, we have
that

(5.46) /1 V1 —t2dt = \f/ ( & tm> Un(t)V/1 — 2 dt

1 m)!

Z 3/2 cm/1 UL (0)V/1 — 2 dt.

The integrals in this last expression can be interpreted as inner products in the space L2((—1,1),v/1 — 2 dt)
of the monomial ¢™ with the Chebyshev polynomial U, (t), so they can be evaluated by using the relation
(A.3) to expand the monomial ¢™ in the polynomials U;(t) and then using of the orthogonality relation
. Together these relations imply that

_1 otherwise.

/1 U, (V1 — 2 dt = {QWWH)(’”JI) if n = m — 2k for some k > 0,
Thus, we can rewrite the series in as

1)n+2k(3/2 1 +2k+1
Z / ) +2kcn+2k % j _ (n+1) n
z\f (n + 2k)! 2 (n+ 2k + 1)2n+ k

_ =y n+1§: (3/Dns2e
W2 2 ARk D)

By (5.4) this gives precisely (;%”dn, so we are done. O

The last proposition leads naturally to another central result of this chapter, which, in a manner anal-

ogous to Theorem [£.7] gives a thought-provoking alternative point of view regarding the significance of the
coefficients do,,.

THEOREM 5.10 (Expansion of 7(t) in the Chebyshev polynomials of the second kind). The function v(t)
has the series exrpansion

(5.47) o (t) = % S don U (1)
n=0
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The series in (5.47) converges pointwise for all t € (—1,1) and in the sense of the function space

L2((—1,1),v/1 — 2 dt).

PrOOF. From the general theory of orthogonal polynomial expansions, the function o(¢), being a con-
tinuous and bounded function on (—1,1), has an expansion of the form

= Z onUpn(t)
n=0

in the polynomials U, (t). The expansion converges in L*((—1,1),v/1 — t2dt) and for all t € (—1, 1), see [82]
Ch. IX]. Using the orthogonality relation (A.4)), the coefficients o, can be extracted as L? inner products,
namely

P /1 () Un (V1 — £ dt,

T™J-1

4, vy (1) 0

and this is equal to

5.5. Mellin transform representation for g,(z) and an alternative interpretation for the
gn-expansion

The next result gives a formula representing the polynomials g, (z) in terms of Mellin transforms involving
the Chebyshev polynomials of the second kind evaluated at ﬁ This representation, which we have not
found described explicitly in the literature but is a special case of a more general result [46] eq. (3.4)], stands
as an interesting parallel to the integral representation for f,(z) given in Proposition

PROPOSITION 5.11 (Mellin transform representation of g,). We have the relation

o 1 z—1
4 st
(5.48) /0 (x+13/2U"( +1)x de

)
n% ()F(3—8>g (1 (s_i>> (O<Re(s)<§>7

or, equivalently,

o0 1 .’L'—l —l-‘rit .n 2 3 . 3 .
(549) /O (1‘+1)3/2Un (1’4»1)3: 4 dr =1 FF <4+Zt>F(4—zt) gn(t)

PROOF. We prove this in the equivalent form (5.49). Use the expansion (A.2) of U, (t) in monomials
and then the Mellin transform representation (4.20) for f,(¢), to get that

i 1 Z‘—l 1.
U, i+t g
/0 (w1 1)372 (x+1)x o
]

Lz

oo n—2k
k(R ook 1 r—1 —Lit
S (") [ () e

n—2k;n— 2(n — 2]{5) 3 . 3 )
k=0 ( )2 2k ;n—2k N 2kl“ (4 + zt) r (4 - zt) Fr—ok

5]
o 3 2” 2k — k)!
= (e () G5 X T o

—
NEN]|

By the relation (A.43]) expressing g, (t) in terms of the fi’s, this is equal to the expression on the right-hand

side of ((5.49). O
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Recall that in Section [4.7] we showed how the f,-expansion of the Riemann xi function can be thought
of as arising from the expansion of the radial function A(r) in the orthogonal basis (GS?)(T));’LO:O, by taking
Mellin transforms. In a completely analogous manner, the above Mellin transform representation of g, (t)
makes a similar reinterpretation possible for the g,-expansion of Z(t) as originating in the expansion
of 7(z) in the Chebyshev polynomials of the second kind. To see this, first recall the Mellin transform

representation (4.14)), in which we make the substitution s = % + it to bring it to the form

~ “it¥ gy = ip 3. i T 3 _ it o ¢
(5.50) /0 v(z)z 1T dx NG <4 +3 13 =(t).
Note however that v(z) can be expressed in terms of (t) as
2vV2  _(1-u 2V2  _(x—1
v(z) = 1% = —= U
(x+1)32" \1+z (x+1)3/2" \z+1

by inverting the defining relation (4.21)) for centered functions and using the fact that 7(¢) is an even function.
This implies, using (5.47)), that v(z) has the series expansion

We can now use this together with ((5.49)) to evaluate the Mellin transform on the left-hand side of (5.50) in
a different way as

> IR A 1 r—1\ _1
A V("IJ).’E 4 2d$—/0 m;danQn (x+1)x 172 dx
> o0 1 x—1 1 it
Usn, —ite g
/0 (ZL'+1)3/2 2 (m+1>,’1} 1772 do
00 . .
2 3 it 3 it t
=N o (1) =T (S+ 2 (=2 ) g (=]).
S (35)(3-5) (3)

Equating this last expression to the right-hand side of (5.50) and canceling common terms recovers the
gn-expansion ({5.5)), as we predicted.

I

L[]
U
[ ™)
3



CHAPTER 6

Additional results

In the previous chapters we developed the main parts of the theory associated with the expansions of the
Riemann xi function in the Hermite, (f,)52, and (g,)22, polynomial families. In this chapter we include a
few additional results that continue to shed light on the themes we explored.

6.1. An asymptotic formula for the Taylor coefficients of =(¢)

The method we used in Chapter [2| to analyze the asymptotic behavior of the Hermite expansion coeffi-
cients by, has the added benefit of enabling us to also prove an analogous asymptotic formula for the Taylor
coefficients as,, in the Taylor expansion of the Riemann xi function. The reason for this is a pleasing
similarity between the formulas for as, and by,. It was noted by the authors of [19] and [22] (and probably

others before them) that the formula for as,, can be written in the form
(6.1) Qop = 2 /00 O(z)x* dx = 1 /OO (z)2*" da
‘ o en)! o S o)) ’

as can be seen by performing the usual change of variables x = 2 in (1.5) (or by differentiating 2n times
under the integral sign in (1.11)) and setting ¢t = 0). The striking resemblence of this formula to (1.13)) seems
however to have gone unremarked in the literature.

THEOREM 6.1 (Asymptotic formula for the coefficients as,). The coefficients as, satisfy the asymptotic
formula

62) o= (10 (F20)) z%i/(zn)z (1og2<zn>)7/4 o [% (log (3)-w(3)- W(lQ)ﬂ

as n — oo, where W (-) denotes as in Chapter@ the Lambert W function.

PROOF. The idea is to repeat the analysis in the proof of Theorem but with the numbers @2, and

ron in (2.25)—(2.26]) being replaced by
> 5z 3
(6.3) Q. = / e’ (e% — ) exp (—me*”) da,
0 2m
> 2n

(6.4) - / PheE Y

e Z mie?® — 377712 exp (—WerQI) dx
27 ’
for which, by (1.8) and (6.1)), we then have that

m=2

82 , ,
(6.5) Aon = W(Qm + T2p)-
Note that the only difference from the original definitions of Qs, and rsy, is the absence of the factor e 7/,
Thus, the analysis carries over essentially verbatim to our current case, except that we replace the function

f(x) in the reformulated equation (2.28) for @Q,, with
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to get the analogous representation
1 o0
(6.6) Q= > @(x) exp (Y2, (27)) d
0
for @/,. The effect of this change on the subsequent formulas is that the factor «, in (2.31) then also gets
replaced by the simpler factor v/, = ¢(x2,/2) in the asymptotic formula

/ 1 ﬁ AN« 7
(6.7) Q, = <1 +0 <n1/5>) 2271%7”6 .

that is the analogue of (2.42))—the factors 3,, and «,, (and, importantly, the maximum point value s, from
which they are derived) remain the same.
Now, ~/, has the asymptotic behavior (the counterpart to (2.34)

o (i) - (o () (2)

as n — o0o. With these facts in mind, it is now a simple matter to go through the calculations and various
bounds in the proof of Theorem and verify that they remain valid in the current setting (including the
bound (2.45) with @/, and r], replacing @,, and r,, respectively), with the final result being that the relation

(2.43) is now replaced by

Q. =(1+0 loglog ! 2n 7/4ex 2n ( log(2n) —logm — = L
" logn 22n+3 \ Txay, P & & T o )]

Inserting this into (6.5)) gives (6.2]). O

It is interesting to compare our formula to other asymptotic formulas for the coefficients as, which
have appeared in the literature. At the time we completed the first version of this paper, the strongest result
of this type we were aware of was the one due to Coffey [19, Prop. 1]. Coffey’s formula is more explicit, since
it contains only elementary functions, but is less accurate, since (if expressed in our notation as a formula
for agy, rather than in Coffey’s logarithmic notation) it has a multiplicative error term of exp(O(1)) = O(1),

logn

compared to our 1+ O ( =

After we finished the initial version of this paper, we learned of another recent asymptotic formula for
the coefficients as,, that was proved by Griffin, Ono, Rolen and Zagier in a 2018 paper [32] Th. 7] (see also
equations (1) and (13) in their paper). Griffin et al’s result is more accurate than our Theorem as it
gives a full asymptotic expansion for as, whereby the relative error term can be made smaller than o(n =)
for any fixed K by truncating the expansion after sufficiently many terms. Their formula is expressed in
terms of an implicitly-defined quantity L(n) that solves the equation

3
=L{me"+>).
n (we —|—4>

This equation (a slightly more exotic variant of our equation for xs,, involving Lambert’s W-function) arises
out of an an application of Laplace’s method in a manner quite similar to our own analysis. It is interesting
to ask whether our approach can be similarly extended to obtain a full asymptotic expansion for as, that is

expressed in terms of the (arguably simpler) quantities zq, = W (27")

6.2. The function &(t)

In Section we defined the centered version of a balanced function, and applied that concept to the
study of the function v(z) and its centered version 7(t), which has turned out to be quite significant in the
developments of Chapters [4] and [5} We now consider the function &(t), the centered version of w(x), which
is not only a more fundamental object than o(¢) (in the sense that the latter is computed from the former),
but turns out to also be significant and interesting in several distinct (and seemingly unrelated) ways.

As an initial and rather trivial observation, we already noted in Proposition [f.15] that the coefficients ¢,
can be interpreted as moments of &(t), except for a trivial scaling factor.
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The next observation, which is also trivial as it is essentially a restatement of the above result, is that
the Fourier transform of @(t) can be interpreted as a generating function for the coefficient sequence ¢,
(that is different from (), which in Theorem [4.25] we also interpreted as a generating function for the c,’s).
Namely, we have the relation

1 oo ‘n n
(6.9) / Q(u)e™ du = 1 Z ent .

-1 2 n'

n=0

Next, we arrive at a somewhat more surprising fact, which is that w(u) also arises in a different way
as a scaling limit of the Fourier spectrum of the Poisson flow associated with the f,-expansion. To make
this precise, recall that in Theorem we derived a Mellin transform representation for the Poisson flow
X7 (t). We will consider a limit of this representation as r — 0, but scale the ¢ variable by a factor of r
since, as the formula shows, the Mellin spectrum without scaling gets compressed into the interval
[(A=7)/(1+7r),(1+r)/(1—r)], which shrinks to a point as r — 0. We also rewrite the Mellin transform as
an ordinary “additive” Fourier transform, in other words expressing the rescaled Poisson flow as

X7 <:) :/ U, (v)e™ dv.

This representation is obtained from (3.21)) by a standard exponential change of variables (x = €™ in the
particular scaling we use), and it is straightforward to check that ¥,.(v) is given by

1+n 1 rv/2 ( e’ —n ) 3 1 <l)
\I/r(’U) — 27"6”1/2007" (62rv) — 27”\/1—77 /1_71627‘1)6 w 1—ne2rv if |U| < 2r log n)o
0 otherwise

(refer to (3.22) for the second equality, and recall the notation (3.23)).

PROPOSITION 6.2 (The centered function @(u) as a scaling limit of the Poisson flow frequency spectrum).

We have the pointwise limits
20 if 1
lim \I’r(’U) = { (U) L |U‘ <1,

r—0+ 0 otherwise.

PROOF. This is a somewhat mundane verification involving Taylor series approximations. Specifically,

one finds that, as r — 0,
1 1
— log ( t:) =14+0(?),

2r 1
147 1 2
) rv/2:7+0 27
7ﬁ\/1_77\/1—7762“’e v1—v e
2rv _ 1
o 1R op

1—ne2v  1—w
The first of these three limits substantiates the claim that the Fourier spectrum W, (v) is supported in the
limit on the interval (—1,1); the second and third limits show that for v € (—1,1) we have

. 2 147 - .
T£%1+ U, (v) = mw (1 — r) = 20(—v) = 2&(v)
(since @(v) is an even function), as claimed. O

Our final result on @(u) will show that not just its Fourier transform, but also w(u) itself, is a generating
function for an interesting sequence, which can be given explicitly in terms of a recently studied sequence of
integers. For this, we first recall our recent results [77] on the Taylor expansion of the Jacobi theta series
6(z) (defined in (L.6)) and its centered version, which as usual is related to 6(z) by

(6.10) B(u) = ﬁe G;Z) (Jul < 1).
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In [77] (where 0(2) was denoted 03(z) and 6(u) was denoted os(u)) we proved that 6(u) has the Taylor
expansion

(6.11) WZ (Ju] < 1),
where W and ® are two special constants, given by
(i (i 8
er(l): (4) ; Q0= (4) ,
V2m3/4 12874

respectively, and where the sequence (§(n))22, = 1,1,—1,51,849, —26199, 1341999, ... (denoted as d(n) in
[77]—for the current discussion we changed the notation in order to avoid a potential confusion with the
coefficient sequence d,, in the expansion (5.5)) is a sequence of integers first introduced and studied in [77]
(see also [35]).

With this preparation, we can formulate a result identifying the coefficients in the Taylor expansion of

THEOREM 6.3 (Taylor expansion of &(u )) The Taylor expansion of &(u) is given by

WZ Q" o (u) < 1),

where p(n) are numbers defined in terms of the sequence (0(n))52, as

p(n) = (495(n 1) — (3202 + 80+ 3)d(n) + (2n — 1)(2n)(4n — 1)(4n — 3)Q5(n — 1)).

16
PROOF. The idea is to first of all find a way to express @(u) in terms of f(u), and then use (6.11). Start

with the relation
2 ~(1-—
o) = Y2 4 < x)
Vi+z \1+=z
that is inverse to (6.10]). Differentiating twice, we get

1 1 ~(1—x —2V2 . [/1-2z
o' (z) = —=V2 [z o'
0 =5V gt (153) * aaapre? (153):

0" (x) = \@(4(1 +3:17)5/29~ G 3) e +i>7/2‘§/ (1;;6) T ;;)9/25” G;D )

It then follows that

= e () s (22) 7 (52 (52) ()

1 1—u\? (3 (1+u)? - 6(1+u)7/? - 401 +u)%2 -
=" (i7) <4z5/29<“>+2w29'<“>+29/29”<“>

3vV2 (1—u 1 (1 +)3/2 - 14+ u)2
T <1+u><_2<—’2—3/2)9(u)_2(+25/2)9(u)>‘|,

From here, a trivial algebraic simplification, which we omit, leads to the identity

1 ~ - -
(6.12) B = 35 [3(u2 ~1)B(u) + 12u(u? — D) (u) + 4(u® — 1)29”(u)} .
But now observe that from we have
A’ _ - 5(77’) n, 2n—1 N’ o - 5(71) n, 2n—2

Inserting (6.11]) and these last two expansions into (6.12)) and simplifying gives the claim. O



CHAPTER 7

Final remarks

This work has seen the introduction of a curious menagerie of previously unnoticed (or, at the very least,
under-appreciated) special functions that are tied in an interesting way to the theory of the Riemann zeta

function. This collection includes the orthogonal polynomial families U,,, H,,, Li/ 2, fn, and g,; the elementary
(though esoteric) radial functions A(r), B(r); the well-known functions 6(z) and w(x), originating in the
world of modular forms and theta series; and the function v(z) and its centered version 7(t), which do not
seem to have been previously studied.

These functions and their many subtle interconnections add a new set of tools to the arsenal of methods
available to attack central open problems in the theory of the zeta function, the Riemann hypothesis foremost
among them. Most significantly, one is left with the impression that the theory of orthogonal polynomials
may have a more central role to play in the study of the zeta function, and perhaps a greater potential to
lead to new insights, than had been previously suspected.

We conclude with a few open problems and suggestions for future research.

(1)

There has been much discussion in the literature of sufficient conditions guaranteeing that a poly-
nomial p(z) has only real zeros based on knowledge of its coefficients in the expansion p(z) =
> oho kdr(2), where (¢r)72, is some given family of orthogonal polynomials. We note Turdn’s
many results in [87], [88], [89], particularly his observation (Lem. II in [89], a result he discovered
independently but attributes to an earlier paper by Pélya [66]) that if the zeros of >_,_, axz" are
all real then that is also the case for the corresponding Hermite expansion >, _, axHy(2); and the
many analogous theorems of Iserles and Saff [40], among them the result (a special case of Prop. 6
in their paper) that if the zeros of the polynomial ZZ:O apz"® are all real then that is also the case
for the polynomial Y, _, %akfk(z). See also [9], 13}, 37, B8], 39}, [63] and the survey [79] for
further developments along these lines.

One question that now arises naturally is: to what extent do these developments inform the
attempts to prove the reality of the zeros of the Riemann xi function, in view of our new results?
One rather striking fact is that the four different series expansions we have considered for the
Riemann xi function, namely

2(t) = 3 (—1)"aza ™, 2() = 3 (—1)"con fon(8),
n=0 n=0
2() = S (~1)"banHon(t),  E(t) = 3 (1) dangan(t),

n=0 n=0

exhibit remarkably similar structural similarities: namely, in all four expansions the coefficients
appear with alternating signs (and their asymptotics can be understood to a good level of accuracy,
as our analysis shows).
It is intriguing to wonder about the significance of this structural property of Z(t). Can this
information be exploited somehow to derive information about the location of the zeros of Z(t)?
By way of comparison, one can consider “toy” expansions of the above forms involving more
elementary coefficient sequences. For example, we have the trivial expansions (the latter two of

66
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which being easy consequences of (A.13]) and (A.29)), respectively)

7;)(—1)” (2n)!t " =cos(at) (a>0),
Z(_m(%,ﬂgn(t) — ¢ cos(2at) (a>0),
n=0 '

- 2 14+«

;(71)71@271]02”(15) — m cos (t log (1:;)) 0<a<l),

which are entire functions of ¢ that—meedless to say—all have only real zeros. On the other hand,

we do not know for which values of o € (0, 1) the expansion (whose explicit form is evaluated using
(A.40)))

n. . 2n 1 3 2 —
2 (1" gn(t) = T 5z o (1’4‘”;2%1—04)2)

n 1 (1 3 " 3 da

- A
IT+a2?'"\"1 "2 (1+a)?
has only real zeros.

(3) The notion of Poisson flows we introduced seems worth exploring further. The Poisson flow associ-
ated with the polynomial family (f,,)5, has interesting properties, and while it does not preserve
hyperbolicity in the sense of “continuous time” as we discussed in Section [3.5] it seems not incon-
ceivable that a weaker form of preservation of reality of the zeros for discrete time parameter values
might still hold. For example, does there exist a constant 0 < r¢ < 1 such that if the polynomial
Yoro arr fx(t) has only real zeros then the same is guaranteed to be true for the polynomial
> r—o akfi(t)? It appears like it may be possible to approach this question using the biorthogonal-
ity techniques developed in the papers by Iserles and coauthors [37, 38, [39, [40]. And what can
be said about the Poisson flow associated with the orthogonal polynomial family (g,)52?

(4) Does the function in (6.9), the Fourier transform of @(u) (which as we have seen can be thought of
as a scaling limit of the Poisson flow), have only real zeros? Is this question related to the Riemann
hypothesis?



APPENDIX A

Orthogonal polynomials

In this appendix we summarize some background facts we will need on several families of orthogonal
polynomials, and prove a few additional auxiliary results. We assume the reader is familiar with the basic
theory of orthogonal polynomials, as described, e.g., in Chapter 2-3 of Szegd’s classical book [82].

A.1. Chebyshev polynomials of the second kind

The Chebyshev polynomials, denoted U, (z), are a sequence of orthogonal polynomials with respect to
the weight function v/1 — 22 on (—1,1), and are one of the most classical families of orthogonal polynomials.
A few of their main properties are given below; see [45] pp. 225-229] for more details.

(1) Definition:
sin((n + 1) arccos(x))

sin(arccos(x))

[n/2]
(A2) = > ("

k=0

(A.1) Un(e) =

(2) Inverse relationship with monomial basis:

. e n+1
(A.3) x TSI ;}(”Qk+1)( 1 )Un—Qk’(x)'

(3) Orthogonality relation:

1
(A.4) /0 U (2)Un(2)V/1 — 22 dz = gam,n

(4) Recurrence relation:
(A.5) Up+t1(z) —22Up(2) + Up—1(x) =0
(5) Differential equation:
(A.6) (1 — 23U/ (z) — 32U, (2) + n(n + 2)Uy,(x) = 0

(6) Generating function:

(A7) > Un(a)z" !

T 1 241 22
= 1—-2z2+2
(7) Poisson kernel:
2 o 2 122
A8 N UL (U, (y)z" == -
(A.8) . ngo (2)Un(y)z T 1—dayz(22+1) +2(222 + 292 — 1)22 + 24

(8) Symmetry: U, (—x) = (=1)"Uy(z).

68
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Notes. To derive (A.3)), take derivatives of both sides of the relation (found in [52, p. 22]) cos"*1 6 =

,EZ/OQJ (2) cos(n — 2k)6 — %X{n even} (7;;2), and use (A.1). Formula is derived in [53], where it appears

as equation (15), except that the formula there contains a typo (the term —4azy in the denominator needs
to be changed to —2axy), which we corrected.

A.2. Hermite polynomials

The Hermite polynomials are the well-known sequence H,(z) of polynomials that are orthogonal with
respect to the Gaussian weight function e~ on R. A few of their main properties are given below; see [2]
Sec. 6.1] for proofs.

(1) Definition:

n_z? a" —z2
(A.9) Hy(@) = (~1)"e — (e7")
(2) Orthogonality relation:
(A.10) / Hop(2) o ()e=" dz = 2"n1\/70,0 0
(3) Recurrence relation:
(A.11) Hyi1(x) — 2zH,(x) +2nH,—1(x) =0
(4) Differential equation:
(A.12) H!!(z) — 2zH] () + 2nH,(z) =0
(5) Generating function:
(A.13) Z H"('x) 2" = exp(2zz — 2%)
n!
n=0

(6) Poisson kernel:

1 < H,(x)H,(y) 1 2ryz — (22 + y?)22
A.14 — "=
(A-14) N nz_% ol i T 1-22

(7) Symmetry: H,(—z) = (—1)"H,(x).

A.3. Laguerre polynomials

The (generalized) Laguerre polynomials form a sequence L% (x) of polynomials, dependent on a parameter
a > —1, that are orthogonal with respect to the weight function e~*z® on (0,00). Of particular interest
to us will be the case @ = 1/2; in this case the polynomials are essentially rescalings of the odd-indexed
Hermite polynomials. For convenience, we summarize below a few of the main formulas associated with the
polymomials L% (z); proofs can be found in [2] Sec 6.2].

(1) Definition:

i —1)k n «Q
(A.15) Lf{(x):z( kll) <nik>xk

(2) Orthogonality relation:

(A.16) /OO L (z)Lp(x)e 2% do = Mam,n

(3) Recurrence relation:

(A.17) (n+ 1)Ly () + (x —2n—a—1)Ly(x) + (n + o)Ly,

n—1

(x)=0
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(4) Differential equation:
(A.18) w(Ly)" (@) + (e + 1= 2)(Ly) () + nLy(x) =0

(5) Generating function:

(A.19) gLi(x)Z” = ﬁexf’ (1x—zz>

(6) Poisson kernel:

(A.20) ;::O IML%(m)L%(y)Zn _ i ~ €XP <_z(1x_+zy)> (zyz)~°"?1, (@) )

where I, () denotes the modified Bessel function of the first kind.

A.4. The symmetric Meixner-Pollaczek polynomials f,(z) = P7(13/4)(:v; 7/2)

The Meixner-Pollaczek polynomials are a two-parameter family of orthogonal polynomial sequences
Pr({\)(m;qb). The parameters satisfy A > 0,0 < ¢ < 7. In the special case ¢ = 7/2, the polynomials are
sometimes referred to as the symmetric Meixner-Pollaczek polynomials (see [3]). In this paper we
make use of the special case A = 3/4 of the symmetric case, namely the polynomials, which we denote f,, (x)
for simplicity, given by

(A.21) falz) = PP (@;7/2).

The key property of the polynomials f,,(x) is that they are an orthonormal family for the weight function
|F (% + lx) |27 x € R. Additional properties we will need are given in the list below. Bibliographic notes
and a few more details regarding proofs are given at the end of this section. See also Section where we
prove additional results relating the polynomial family f,, to another family g, of orthogonal polynomials,
discussed in Section

(1) Definition and explicit formulas:

(A.22) fulz) = (3272!)”@'"25 (—m % + i g; 2)
(A.23) = (—i)" kz_% 2k (ZJ_F ]%) (_Z; m)
(A.24) — ki—o(_l)k2k (Z+ 1%) (711 +ki$ + k)
(A.25) =" ]:0(—1)’“ <_i; m) <_3__;x>
(2) Orthogonality relation:
(A.26) [ O; (@) fou2) T (i 4 za:) i m "

(3) Recurrence relation:

(A.27) (04 1) fosa (2) — 22fu (@) + (n + ;) Foa(z) = 0.

(4) Difference equation:

(A.28) 2 <n + i) fo(x) — (Z - m> fo(z+1d) — (i + m) falz —i)=0.
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TABLE 1. The first few polynomials f,(z)

0|1

1|2z

2|22%-3

3 §x3 — 16396

4] 20t 12 4

5} %15 — %x3 + 1870733

7 3?5937 - §x5 + 1316203 ° 33%33

8 | 3i52° - Ew(" + et = S et + mon

(5) Generating function:

, , 1 1—iz\ ™
A.29 - (1—iz)~3He(1 4 42) "8 = .
(A-29) Zf i2) (L 4 iz) T (1+22)% \I+z

(6) Poisson kernel:

22 & Lo2V2 1 1+ 2\t 3 .03 3 4
W) T 3 g R0 = S (i) (G irmsg )

(7) Mellin transform representations:

(A31)  fulz) = (—i)"% (r (Z - m) r (i +ix>>1 /Ooo e +11)3/2 (Z:)TL“_+ du

1 L0
, 3 4
(A.32) — 2 it <4 + zx> / e~ LY2 (272 pat2ie gy
0

(8) Symmetry: f,(—x) = (=1)"fn(x).

Notes. The above list is based on the general list of properties of the Meixner-Pollaczek polynomials
PO‘)( : ¢) provided in [45] pp. 213-216], except for (A.30]), which is a special case of [41, Eq. (2.25)], and
the Mellin transform representations (|A.31)—(A.32)), which are proved in our Propoutlons u nd -

In the formulas (A. 22 —(|A.25)), the first formula i 1s the definition as glven in [45]; formula an
explicit rewriting of as a sum, and formula ) follows from by applymg the symmetry
property fn(—z) = (—1)" fn(z) (which in turn is an easy consequence of either the recurrence relation
or the generating function ) Formula (A.25)) appears to be new, and follows by evaluating the sequence
of coeflicients of 2™ in the generating funct as a convolution of the coefficient sequences for the
functions (1 —iz)~3/4t% and (1 +42)~3/47*. Note that has the benefit of making the odd/even
symmetry of f,(x) readily apparent, which the other explicit formulas do not.

A.5. The continuous Hahn polynomials g, (z) =p, (z;2,3,32,2)

The continuous Hahn polynomials are a four-parameter family p,,(z;a,b, ¢, d) of orthogonal poly-
nomial sequences. They were introduced in increasing degrees of generality by Askey and Wilson [5] and
later Atakishiyev and Suslov [6] as continuous-weight analogues of the Hahn polynomials; earlier special
cases appeared in the work of Bateman [8] and later Pasternack [59] (see also [46] for a chronology of these
discoveries and related discussion).
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For our purposes, a special role will be played by the special case a = b = ¢ = d = 3/4 of the continuous
Hahn polynomials, that is, the polynomial sequence

(A.33) gn() =pn ( i i ii ii)

A few of the main properties of these polynomials we will need are listed below. The notes at the end of the
section provide references and additional details.

(1) Definition and explicit formulas:

(A.34) gn(x) =i"(n+1) 3F2< n,n+2, %—i—z ,373,1)
" (n+k+1) 3 iz

A.35 )" 1

59 3w ()

(A.36) =" Zn: 3/2%;/12)%—1@ (_i l:_ m) <_3_kix> '

k=0
(2) Orthogonality relation:

00 4 3
(A.37) / G (2) g () de = %5m,n.

— 00

(3) Recurrence relation:
(A.38) (2n+ 3)gn+1(x) — 8xgn(z) + (2n + 1)gn—1(z) = 0.
(4) Difference equation:
1 3 2 3 ?
(A.39) ((n +1)% — 227 + 8) gn(x) — (4 - m) gn(x +1) — (4 + zx) gn(z —1) =0.

(5) Generating functions:

> 1 3 3 4iz

A.40 E ” "~ R (1,5 i s i
A 2 = e 1( 17" <1+zz)2)
= gn(x) " 3 3 3.3
(A.41) ,;:0 nt 1)!,2 =5 (4 + ix; 5 —iz |1} 1 1] 2,22

(6) Symmetry: gn(*x) - (71)71911(3:)
(7) Mellin transform representation:

(A.42) gn(z) = (—i)"? (r (2 - m) T (i + ia:))_l /OOo T +11)3/2 U, (Z; D du

Notes. This list is based on the list of properties of the continuous Hahn polynomials p,, (z; a, b, ¢, d) given
n [45], pp. 200-204], except for the Mellin transform representation, which is proved in our Proposition
In the formulas (A.34)-(A.36), the first formula is the definition as given in [45], and formula (A.35)) is the
explicit rewriting of (A.34]) as a sum. Formula , which (like ) discussed in the previous section)
has the benefit of highlighting the odd/even symmetry of g, (x), seems neW, and is proved by evaluating the

coefficient of 2™ in as
gn(z) - k § §7 n—k §,§
CES g [z}(lFl (4+zx,2, iz )x[z }(1F1 1 gz )

k=0

and simplifying.
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TABLE 2. The first few polynomials g, (z)

A.6. The relationship between the polynomial sequences f, and g,

n | gn(x)
0]1
1 %x
64,2 3
2| 37 5
512 .3 _ 272
3| fo5¢ 1057
4096 .4 _ 5312, 2
4| g 945 &~ t+ 15
32768 .5 _ 83968 .3 | 568
5| 103952 ~ TosesL T 231%
G| 262144 6 77824 4 | 847232 2 1T
135135 9009 © T 1351357 T 195
7| 2097152 7 14876672 5 | 200684483 527392
2027025 2027025 2027025 225225
g | 16777216 8 254279686 | 33107968 .4 _ 25309936 2
34459425 4922775 2650725 3828825
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The goal of this section is to prove the following pair of identities, which seem new, relating the two

orthogonal polynomial families (f,)5%, and (g,)5%,

PROPOSITION A.1. The polynomial families fn(x) and gn(x) are related by the equations

[n/2] 2n72k:(n _ k)[
(A.43) ) = 3 7 it

(3/2)n Ln/2J

(A.44) ) = BT 2

The proofs relies on two binomial summation identities, given in the next two lemmas.

- fn—2k(x)a

(n—2k+1) (n Z 1>gn_2k(ﬂc)~

LEMMA A.2. For integers p,q > 0 we have the summation identity

lp/2] (
(A.45)

~Dfp+q—k)!

92kl (p — 2k)!

1

=5

{

p+2¢+1

)

PRrOOF. Consider, for fixed ¢ > 0, the generating function in an indeterminate x of the sequence of
numbers (indexed by the parameter p > 0) on the left-hand side of (A.45]). This generating function can be
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evaluated as

lp/2]
Z pz:(—l)k(p-Fq—k‘)! "
2k _
=\ i 22Kk (p — 2k)!

:pzo (; (-i)k(p;k)(p—kJrl)--'(p—kﬂLQ)) a?
= Z;(i)k(Z)(m+1)~~(m+q)xm+k Z(m+1)~~(m+q):pm (;

m>0

:Z(m+1)~--(m+q)(x(1—i)>m & (iym)

m>0 dyq ‘y:z(lfac/ll) m=0

o En—
Y | y—p(1—ajay \1 =¥ (L =) —o—aya)

oo

q! q! q! (p+2q+1) v
= = = E— €T s
QST e T e PE G

which is the generating function for the sequence on the right-hand side of (A.45]). O

LEMMA A.3. The summation identity
al N\ (N +m — 2k N-1
A.46 N —2k =N gN—m
(46 S -an() (Yo" = (")
holds for integers N,m > 0

PRrOOF. Denote

(N —26) (5) (Y™

N

F.(N,k) =

so that the identity to prove becomes the statement that szvzo F,,(N,k) = 1. This claim in turn follows by
applying the method of Wilf-Zeilberger pairs [62], Ch. 7], [91] to the rational certificate function (in which
m is regarded as a parameter)

k(m+ N +1—2k)(m+ N +2 — 2k)

Rm(N,k) = 2(N—2/€)(N+1_k>(N_m_2k) ’

The certificate was found using the Mathematica package fastZeil [60] [61], a software implementation of
Zeilberger’s algorithm. O

PROOF OF (|A.43). An immediate consequence of (A.45) is the identity

L(n—m)/2] (=1)k(n — k)! (n_2k+é) (n+m+1)!

22K E1(3/2)n— 2k B

(A.47) 27t (n —m)!(3/2)

pors n—2k—m 27
which holds for integers n > m > O0—indeed, this relation reduces to (A.45) after a short simplification on

taking p = n — m, ¢ = m and using the facts that (3/2),, = % and ("n_kaktlﬁ) = %

Now (A.47)) is the key to proving (A.43)): making use of the explicit formulas (A.23]) and (A.35) for f,(z)
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and g, (x), respectively, we write
“’fJ 9n=2k (n _ k)! fnle) = “‘fJ 9n=2k(p — k)1 - "i’“ n—2k+ 1\ /-3 +ix
£ (3/2) 0 akk! " 2R (3/2)n_2ik! n—2k—m m

k=0

n [(n—m)/2] _ ‘
— (=) m (=DF2" 2 (n— k) (n =2k + 5\ | (—F +ix
- mzz:o ? ;;) (3/2)n—2ik! <n—2k—m) < m )
_ iy (AmA DU (i)
. )g(nm)!(g/Q)gn( - ) on (),

giving the result. O
PROOF OF (|A.44)). Using (A.46|), we can deduce the slightly more messy identity

3/2n &I -2k -2kt m1) 2m(n+ 1/2
2(3/2)3, = Kn-k+1)(n-2k-m)!

The way to see this is to first massage the left-hand side of (A.46]) a bit by rewriting it as

i(N ~ ) (JD (N ;me+_12k) =2 L%/:?J (N —2k) (JID <N 2+mm+_12k)

k=0 k=0

(A.48)

n—m

> (n>m>0).

I_N;"LJ
N\ (N +m -2k
=2 N — 2k
> -2 () (")
where the first equality follows from the symmetry of the summand under the relabeling & — N — k,
and the second equality follows on noticing that the summands actually vanish for values of k£ for which

A Ndm - Thus, we obtain another variant of (A.46)), namely
55
N\ (N +m — 2k N—1\_n_,
(A.49) > (N—2k;)<k>( ot 1 ):N( . )zN +1

k=0
We leave to the reader to verify (using similar simple substitutions as in the proof of above) that
setting N = n + 1 in this new identity gives a relation that is equivalent to .
Finally, from we can prove the relation (A.44)) in a manner analogous to the proof of ,
again making use of the expansions (A.23]), (A.35) but working in the opposite direction. We have

Ln/2J
2n(37{i) 1! (n—2k+1) <n;r 1>g”‘2k(x)
L (3/2)n L"m A1\, o (X (n—2k+m4 1) [~z
2"71—1—1'Z n2k+1)( k )(Z) ” mZ:O(n—2k m)!(3/2)2, ( m >

z:0 kZ:O k!(n—k+1) (n— 2k —m)! (3/2) < m >—fn(=’f)a

as claimed. O
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Summary of main formulas

Series expansions for the Riemann xi function

o0

E(t) = > (—1)"ag,t™" (p- 1)
n=0

E(t) = Z(_1>nb2nH2n<t) (p- '
n=0
> t

Et)=) (=1)"confon | 5 (p- [20)
> et (5) o

E(t) = Z(il)nd%lg%z <;> (p
n=0

Series expansions for related functions

A(r) =" 2,65 (r) (p.
n=0
_ 1 & B/
= — n . 42
N 1 o
o) =7 > danUsn(t) (p-
n=0
Formulas for the coefficients
_ 1 > —-3/4 2n
o= gy [, 0 s i "
1 & 9
= — ) . 162
| o v
by, = 71 /OO gjzne*%@(l’) dx (p @
e (on)l ) '
(—1)" /m o
= =(t Hy, (t
gl | S0 Ha(ty 0.0
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B. SUMMARY OF MAIN FORMULAS

m=2i [ 52 (55) " e
- <1>"m / O; =0 (5) \r (3+%) Ca (v.21)
-S| Ao e
ﬂ/j” B(t) dt (v. [0)

oo ), g G5) (i i () ) om
_ %(_m /O; =(t)gon (;) ‘r (i + g) " (p. )
= + : f: 4%?{5&?71 1y (>- 17

_ 42 / DUzn(t)V/1— 2 dt (v. 59)

16 ! w(x) t A\ =@ -1 \"
= —(2 1 .
o) [ e (1) (G meree) e 08
Asymptotic formulas for the coefficients
S loglogn 2n /4
n = logn 22"** 2n)! log(2n)
X exp [ (10 -W (271> —
71'
b — (14 loglogn 2 /4
e logn 24"" 2n)!
X € log - iVV n : (
P % 16\« P
Con = (1 +0 (n_1/10)> 16v21%/% \/n exp (—4v/7n) (p.

iy — (1 Lo (n‘l/m)) (128 X 21/;”’/7;/3@—277/3) 3 exp (_3(4701/3712/3) (p.

S s
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